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MODULE 1: ALGEBRA ESSENTIALS

WHY IT MATTERS: ALGEBRA ESSENTIALS

Why learn about the essentials of algebra?

It is often said that mathematics is the language of science. If this is true,
then numbers must be an essential part of the language of mathematics.
The earliest use of numbers occurred 100 centuries ago in the Middle
East to count, or enumerate items. Farmers, cattlemen, and tradesmen
used tokens, stones, or markers to signify a single quantity—a sheaf of
grain, a head of livestock, or a fixed length of cloth, for example. Doing
so made commerce possible, leading to improved communications and
the spread of civilization.

Three to four thousand years ago, Egyptians introduced fractions. They
first used them to show reciprocals. Later, they used them to represent
the amount when a quantity was divided into equal parts.

But what if there were no cattle to trade or an entire crop of grain was Yuan Dynasty iron magic square showing
. . . . Persian/ Arabic numbers (ca. 1271 —
lost in a flood? How could someone indicate the existence of nothing? 1368)

From earliest times, people had thought of a “base state” while counting
and used various symbols to represent this null condition. However, it was not until about the fifth century
A.D. in India that zero was added to the number system and used as a numeral in calculations.

Clearly there was also a need for numbers to represent loss or debt. In India, in the seventh century A.D.,
negative numbers were used as solutions to mathematical equations and commercial debts. The opposites
of the counting numbers expanded the number system even further.

LEARNING OUTCOMES

Review Topics for Success

» Write a composite number as a product of its prime factors.
Find the least common multiple (LCM) of a list of numbers.
Perform operations on fractions.

Use the order of operations to simplify expressions.
Recognize and combine like terms in an expression.

Real Numbers

» Classify a real number.

» Perform calculations using order of operations.
+ Use the properties of real numbers.

« Evaluate and simplify algebraic expressions.




Exponents and Scientific Notation
» Use the rules of exponents to simplify exponential expressions.
» Use scientific notation.

Radicals and Rational Exponents

» Evaluate and simplify square roots.
» Rationalize a denominator that contains a square root.
» Rewrite a radical expression using rational exponents.

Licensing & Attributions

CC licensed content, Original
« Why It Matters: Algebra Essentials. Authored by: Lumen Learning. License: CC BY: Attribution
CC licensed content, Shared previously

+ Yuan Dynasty iron magic square showing Persian/ Arabic numbers (ca. 1271 - 1368). Authored by: By BabelStone - Own work. Located at: https://commons.wikimedia.org/w/index.php?curid=16206206. License: CC BY-
SA: Attribution-ShareAlike

REVIEW TOPICS FOR SUCCESS

By the end of this section, you will be able to:

» Find the prime factorization of a number

Find the least common multiple of a number

» Perform operations on fractions.

Use the order of operations to simplify expressions.
Recognize and combine like terms in an expression.

Before embarking upon a study of the concepts, techniques, and applications of College Algebra, it is
important to warm up by practicing math concepts you’ve probably seen before. This practice will help
refresh some of the topics you may not have used recently but which will be extended into new topics in this
course. A good review will help make new math less challenging and will enable deeper thought about
familiar ideas.

Each module in this course will begin with a review of the material you’ll need to use, and timely reminders
will appear throughout the text exactly where you’ll need them. Of course, you can return to Algebra
Essentials any time you need to refresh the basics. Even if your instructor doesn’t specifically assign
material from the review features, it's a good idea to make sure you are familiar with the vocabulary,
concepts, and processes involved.

We’ll begin by reviewing important skills that you'll use over and over again throughout the course: prime
factorizations, fractions, and order of operations.

RECALL FOR SUCCESS

Look for red boxes like this one throughout the text. They’ll show up just in time to give helpful reminders
of the math you’ll need, right where you’ll need it.
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PRIME FACTORIZATION AND THE LEAST
COMMON MULTIPLE

LEARNING OUTCOMES

» Find the prime factorization of a number
» Find the least common multiple of a list of numbers

The word factor can be both a noun and a verb. To factor a number is to rewrite it by breaking it up into a
product of smaller numbers. For example, we can factor 24 by writing it as 6 * 4. We say that 6 and 4 are
factors of 24. But so are 2 and 12. There are many ways to write this number.

A useful skill to have when doing algebra is the ability to rewrite numbers and expressions in helpful forms.
For example, consider some different forms of the number 24.
72

24
3

V576 6 x4 2.2.2.3.

Composite numbers, like 24, are natural numbers that can be written as products of other natural numbers.
Prime numbers are natural numbers that have only two possible factors, themselves and the number

1. The final form of 24 in the list above, 2 - 2 - 2 - 3, is called its prime factorization. When we write the
prime factorization of a number, we are writing it as a product of only its prime factors. Being able to find the
prime factorization of a composite number is an especially useful skill to have when doing algebra.

Prime Factorization

The prime factorization of a number is the product of prime numbers that equals the number.
You may want to refer to the following list of prime numbers less than 50 as you work through this section.
2,3,5,7,11,13,17,19, 23, 29, 31, 37,41, 43,47

Tip: Knowing the first five prime numbers will come in handy when reducing fractions.

Prime Factorization Using the Factor Tree Method

One way to find the prime factorization of a number is to make a factor tree. We start by writing the number,
and then writing it as the product of two factors. We write the factors below the number and connect them to
the number with a small line segment—a “branch” of the factor tree.

If a factor is prime, we circle it (like a bud on a tree), and do not factor that “branch” any further. If a factor is
not prime, we repeat this process, writing it as the product of two factors and adding new branches to the
tree.

1"
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We continue until all the branches end with a prime. When the factor tree is complete, the circled primes
give us the prime factorization.

For example, let’s find the prime factorization of 36. We can start with any factor pair such as 3 and 12. We
write 3 and 12 below 36 with branches connecting them.

36

TN

The factor 3 is prime, so we circle it. The factor 12 is composite, so we need to find its factors. Let’s use 3
and 4. We write these factors on the tree under the 12.

1

36

N

3

>;

The factor 3 is prime, so we circle it. The factor 4 is composite, and it factors into 2 - 2. We write these
factors under the 4. Since 2 is prime, we circle both 2s.

36
12
4

3

3

/N

@ 2

The prime factorization is the product of the circled primes. We generally write the prime factorization in
order from least to greatest.

2:2-3-3

In cases like this, where some of the prime factors are repeated, we can write prime factorization in
exponential form.

2.2.3.3
22 .32

Note that we could have started our factor tree with any factor pair of 36. We chose 12 and 3, but the result
would have been the same if we had started with 2 and 18,4 and 9, or 6 and 6.

Find the prime factorization of a composite number using the tree
method

1. Find any factor pair of the given number, and use these numbers to create two branches.
2. If a factor is prime, that branch is complete. Circle the prime.



3. If a factor is not prime, write it as the product of a factor pair and continue the process.
4. Write the composite number as the product of all the circled primes.

EXAMPLE

Find the prime factorization of 48 using the factor tree method.
Solution:

We can start our tree using any factor pair of 48. Let’s use 2 and 24.

We circle the 2 because it is prime and so that branch is complete. 5

Now we will factor 24. Let’s use 4 and 6. 2

N

Neither factor is prime, so we do not circle either.We factor the 4, using 2 and 2 2
.We factor 6, using 2 and 3.
We circle the 2s and the 3 since they are prime. Now all of the branches end in

a prime. /\

2

48
/\
24
48
24
/\
4 6
48
24
/\
4 6
/N
2,2 ©)

Write the product of the circled numbers. 2:2.2-2.3
Write in exponential form. 24.3

Check this on your own by multiplying all the factors together. The result should be 48.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=27

The following video shows how to find the prime factorization of 60 using the factor tree method.

There are other methods that work well to find the prime factorization of a number. Any method that factors
out small primes repeatedly until there are only prime factors remaining is acceptable. See the video below
for a demonstration of using stacked division to find a prime factorization.

Finding Least Common Multiples

Consider the multiples of two numbers, 3 and 4. What is the least common multiple between them?

Certainly 3 and 4 have many multiples in common: 12, 24, 36, etc. But 12 is the smallest among them.
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Determine the prime lactorization of 60.

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=27

EXAMPLE
Find the prime factorization of 84 using the factor tree method.
Answer
Solution:

4

Now the factors are all prime, so we circle them.

N N

F=

@)

We start with the factor pair 4 and 21. /84\
Neither factor is prime so we factor them further.
21
84
/\
4 21

2

Then we write 84 as the product of all circled primes. 2.2.3.722.3.7

Draw a factor tree of 84.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=27

The smallest number that is a multiple of two numbers is called the least common multiple (LCM). So the
LCMof 3and 4 is 12.

One of the reasons we find prime factorizations is to use them to find the least common multiple of two or
more numbers. This will be useful when we add and subtract fractions with different denominators.
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Ex: Stacked Division for Prime Factorization

Use division to find the prime factorization [

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=27

Prime Factors Method

We can find the least common multiple of two numbers by inspecting their prime factors. We’ll use this
method to find the LCM of 12 and 18.

We start by finding the prime factorization of each number.
12=2.2.3 and 18=2-3-3

Then we find the largest instance of each prime appearing in any one factorization. Here, we see that the
number 2 appears twice in the factorization of 12, but only once in 18. And the number 3 appears twice in
18, but only once in 12. So, we select 2 - 2 and 3 - 3 and multiply them together to find the LCM.

12=2-2-3 and 18=2-3-3
2.2 * 3-3.
2-2-3-3=36.
The LCM of 12 and 18 is 36.

If a prime appears the same number of times in any factorization, just select one instance. Let’s find the
LCM of a list of numbers as an example.

Find the LCM of 12, 18, 20, and 60. First we’ll write the numbers as products of primes.
12=2-2-3 18=2-3-3 20=2-2-5 60=2-2-3-5

We see that the largest instance of the number 2 appears in the numbers 12, 20, and 60. But we just select
one largest instance. The largest instance of the number 3 appears in 18, where there are two factors of 3.
And the number 5 appears once in 20 and once in 60, so we’ll select one 5.

The LCM of 12, 18, 20, and 60 is
2-2-3-3-5=180.

So, 180 is the smallest number that 12, 18, 20, and 60 all divide evenly into.

FIND THE LCM USING THE PRIME FACTORS METHOD

15



1. Find the prime factorization of each number.

2. Inspect each factorization for the largest number of instances of each prime number appearing in
each factorization

3. Select one set of each largest instance of each prime factor appearing.

4. Multiply the selected factors together to obtain the LCM.

It can be helpful to write the prime factors next to each number, matching them vertically in columns, then
bringing down the primes in each column to collect the factors whose product is the LCM. The following
examples illustrate this technique.

EXAMPLE
Find the LCM of 15 and 18 using the prime factors method.
Answer
Solution:

Write each number as a product of primes. 15=3-5 18=2-3-3

Write each number as a product of primes, matching primes 15= 3. 5
vertically when possible. 18=2.3.3
15= 3- 5
18=2.3.3

Bring down the primes in each column.

ICM=2-3.3-5

. LCM =2-3-3-5The LCM of
Multiply the factors to get the LCM. 15 and 18 is 90.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=27

In the next video we see how to find the Least Common Multiple by using prime factorization.
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EXAMPLE

Find the LCM of 50 and 100 using the prime factors method.
Answer
Solution:

Write the prime factorization of each number. 50=2-5-5 100=2-2-5-5

Write each number as a product of primes, matching primes

. ; 50= 2-5-5100=2-2-5-5
vertically when possible.

5-5
Bring down the primes in each column. 100=2-2-5-5

LCM =2-2-5-5The LCM of

Multiply the factors to get the LCM. 50 and 100 is 100.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=27

l-'.x;nnplv: Determine the least common
multiple (LCM).

16 and 18 TZangd 54

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=27
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OPERATIONS ON FRACTIONS

Add or Subtract fractions.
Simplify fractions.
Multiply fractions.

Divide fractions.

Math students and working adults often find their knowledge of how to add, subtract, multiply, and divide
fractions has grown rusty with disuse. We tend to rely on calculators to do a lot of the work of fractions for
us. College Algebra, though, builds up some important techniques for handling expressions and equations
that are based on operations on fractions. So it is important to refamiliarize yourself with these skills. This
section will remind you how to do operations on fractions. As you work through the rest of the course, you
can return this section as needed for a quick reminder of operations on fractions.

Before we get started, let’s define some terminology.

« product: the result of multiplication
 factor: something being multiplied —for 3 -2 = 6, both 3 and 2 are factors of 6

+ numerator: the top part of a fraction — the numerator in the fraction % is 2

« denominator: the bottom part of a fraction — the denominator in the fraction % is 3

A Note About Instructions

Certain words are used in math textbooks and by teachers to provide students with instructions on what to
do with a given problem. For example, you may see instructions such as find or simplify. It is important to
understand what these words mean so you can successfully work through the problems in this course. Here
is a short list of some problem instructions along with their descriptions as they will be used in this module.
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Instruction Interpretation

Perform the indicated mathematical operations which may include addition, subtraction,
Find multiplication, division (later, use of the word find will be expanded to solving equations, as
in find the value of variable).

1) Perform the indicated mathematical operations including addition, subtraction,
multiplication, division
Simplify 2) Write a mathematical statement in smallest terms so there are no other mathematical
operations that can be performed—often found in problems related to fractions and the order
of operations

1) Perform the indicated mathematical operations including addition, subtraction,
multiplication, division

Evaluate
2) Substitute a given value for a variable in an expression and then perform the indicated
mathematical operations

Write a mathematical statement in smallest or lowest terms so there are no other
Reduce mathematical operations that can be performed—often found in problems related to fractions
or division

Add Fractions

When you need to add or subtract fractions, you will need to first make sure that the fractions have the same
denominator. The denominator tells you how many pieces the whole has been broken into, and the
numerator tells you how many of those pieces you are using.

The “parts of a whole” concept can be modeled with pizzas and pizza slices. For example, imagine a pizza

is cut into 4 pieces, and someone takes 1 piece. Now, % of the pizza is gone and % remains. Note that

both of these fractions have a denominator of 4, which refers to the number of slices the whole pizza has
been cut into. What if you have another pizza that had been cut into 8 equal parts and 3 of those parts were

. b
gone, leaving §?

How can you describe the total amount of pizza that is left with one number rather than two different
fractions? You need a common denominator, technically called the least common multiple. Remember
that if a number is a multiple of another, you can divide them and have no remainder.

One way to find the least common multiple of two or more numbers is to first multiply each by 1, 2, 3, 4, etc.
For example, find the least common multiple of 2 and 5.

First, list all the multiples of 2: Then list all the multiples of 5:
2:-1=2 5.1=5
2-2=4 5-2=10
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2-3=6 5:-3=15
2:4=28 5-4=20
2-5=10 5:-5=25

The smallest multiple they have in common will be the common denominator to use to rewrite each fraction
into equivalent fractions. See the example below for a demonstration of our pizza problem.

EXAMPLE

One pizza, cut into four slices, has one missing. Another pizza of the same size has been cut into eight
pieces, of which three have been removed. Describe the total amount of pizza left in the two pizzas using
common terms.

Answer

3 5
Rewrite the fractions 1 and 3 as fractions with a least common denominator.

Find the least common multiple of the denominators. This is the least common denominator.
Multiples of 4 : 4, 8,12,16,24
Multiples of 8 : 8,16, 24
The least common denominator is 8 —the smallest multiple they have in common.
3
Rewrite 1 with a denominator of 8. You have to multiply both the top and bottom by 2 so you don’t change
the relationship between them.
3.2_6
4 2 8

5
We don’t need to rewrite 3 since it already has the common denominator.

Answer

6 5
Both 3 and 3 have the same denominator, and you can describe how much pizza is left with common

terms. Add the numerators and put them over the common denominator.

6 5 11
We have 3 of the first pizza and 3 of the second pizza left. That’s T of an identically sized pizza, or 1

and g pizza still on the table.

To add fractions with unlike denominators, first rewrite them with like denominators. Then add or subtract the
numerators over the common denominator.

ADDING FRACTIONS WITH UNLIKE DENOMINATORS

1. Find a common denominator.

2. Rewrite each fraction as an equivalent fraction using the common denominator.

3. Now that the fractions have a common denominator, you can add the numerators.
4. Simplify by canceling out all common factors in the numerator and denominator.

Simplify a Fraction
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It is a common convention in mathematics to present fractions in lowest terms. We call this
practice simplifying or reducing the fraction, and it can be accomplished by canceling (dividing) the common
factors in a fraction’s numerator and denominator. We can do this because a fraction represents division,

and for any number a, e _ 1.
a

6
For example, to simplify 9 you can rewrite 6and 9 using the smallest factors possible as follows:

6 23

9 3-3

Since there is a 3 in both the numerator and denominator, and fractions can be considered division, we can
divide the 3 in the top by the 3 in the bottom to reduce to 1.

6 2-8 2.1

9 3.7

In the next example you are shown how to add two fractions with different denominators, then simplify the
answer.

2
3

EXAMPLE
2 1 o .
Add & + & - Simplify the answer.
Answer

Since the denominators are not alike, find a common denominator by multiplying the denominators.
3:-5=15
Rewrite each fraction with a denominator of 15.

2.5 _ 10
3 5 15
1.3 _ 3
5 3 15

Add the fractions by adding the numerators and keeping the denominator the same. Make sure the
fraction cannot be simplified.
10 3 13

_l_ JR—

15 15 — 15
Answer

2 1 _ 13
§+3_15

You can find a common denominator by finding the common multiples of the denominators. The least
common multiple is the easiest to use.

In the following video you will see an example of how to add two fractions with different denominators.

You can also add more than two fractions as long as you first find a common denominator for all of them. An
example of a sum of three fractions is shown below. In this example, you will use the prime factorization
method to find the LCM.

Subtract Fractions
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EXAMPLE

Add % + % Simplify the answer.

Answer

Since the denominators are not alike, find the least common denominator by finding the least common
multiple (LCM) of 7 and 21.

Multiples of 7 : 7,14, 21
Multiples of 21 : 21
Rewrite each fraction with a denominator of 21.

3.3 -3
73 21
2
21

Add the fractions by adding the numerators and keeping the denominator the same. Make sure the
fraction cannot be simplified.

9 2 _ 11
ﬁ+ﬁ_21

Adding Fractions with Unlike Denominators

Add and simplify the answer -\:I\llnl:ll.ulln-nh‘ !
i

|

|

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=28

THINK ABOUT IT

Add % + % + % Simplify the answer and write as a mixed number.

What makes this example different than the previous ones? Use the box below to write down a few
thoughts about how you would add three fractions with different denominators together.

Answer




Since the denominators are not alike, find the least common denominator by finding the least common
multiple (LCM) of 4, 6, and 8.

4=2-2
6=3-2
8§=2.2.2

LCM: 2.2.-2-3=24
Rewrite each fraction with a denominator of 24.

3.6 _ 18
4 6 24
1.4 _ 4
6 4 24
5.3 _15
8 3 24

Add the fractions by adding the numerators and keeping the denominator the same.
18 4 15 _ 37

24 T2 T 24T

Write the improper fraction as a mixed number and simplify the fraction.

3T _ 1
24 24
Answer

3 ,1 ,5 13
17§ T5=13

Subtracting fractions follows the same technique as adding them. First, determine whether or not the
denominators are alike. If not, rewrite each fraction as an equivalent fraction, all having the same
denominator. Below are some examples of subtracting fractions whose denominators are not alike.

Subtract % — % Simplify the answer.

Answer
The fractions have unlike denominators, so you need to find a common denominator. Recall that a
common denominator can be found by multiplying the two denominators together.

5-6=30

Rewrite each fraction as an equivalent fraction with a denominator of 30.

1.6_6
56 30
1.5 _ 5
6 5 30

Subtract the numerators. Simplify the answer if needed.

6 _ 5 _ L
30 30 — 30

Answer
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The example below shows how to use multiples to find the least common multiple, which will be the least
common denominator.

EXAMPLE

Subtract % — % Simplify the answer.

Answer

Find the least common multiple of the denominators—this is the least common denominator.
Multiples of 6 : 6,12, 18,24

Multiples of 4:4,8,12,16,20

12 is the least common multiple of 6 and 4.

Rewrite each fraction with a denominator of 12.

5.2 _ 10

6 2 12

1.3 _3

4 3 12

Subtract the fractions. Simplify the answer if needed.
10 3 _ 7

12 12 7 12
Answer

5 1 _ 7

6 4 12

In the following video you will see an example of how to subtract fractions with unlike denominators.

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=28

Multiply Fractions



Just as you add, subtract, multiply, and divide when working with whole numbers, you also use these
operations when working with fractions. There are many times when it is necessary to multiply fractions. A
model may help you understand multiplication of fractions.

When you multiply a fraction by a fraction, you are finding a “fraction of a fraction.” Suppose you have % of

a candy bar and you want to find % of the %:

+ I

By dividing each fourth in half, you can divide the candy bar into eighths.

@

Then, choose half of those to get %

In both of the above cases, to find the answer, you can multiply the numerators together and the
denominators together.

MULTIPLYING TWO FRACTIONS

a-c __ product of the numerators

b-d  product of the denominators

SIS
o

MULTIPLYING MORE THAN TWO FRACTIONS

EXAMPLE

Multiply% . %
Answer

Multiply the numerators and multiply the denominators.
24

3-5

Simplify, if possible. This fraction is already in lowest terms.
8

15

Answer

8
15
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To review: if a fraction has common factors in the numerator and denominator, we can reduce the fraction to
its simplified form by removing the common factors.

For example,

» Given % the factors of 8 are: 1, 2,4, 8 and the factors of 15 are: 1, 3, 5, 15. % is simplified because
there are no common factors of 8 and 15.

« Given i—g the factors of 10 are: 1, 2, 5, 10 and the factors of 15 are: 1, 3, 5, 15. i—g is not simplified
because 5 is a common factor of 10 and 15.

You can simplify first, before you multiply two fractions, to make your work easier. This allows you to work
with smaller numbers when you multiply.

In the following video you will see an example of how to multiply two fractions, then simplify the answer.

Multiplving Eractions

Multiply. Write the answer in lowest terms ‘

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=28

THINK ABOUT IT

What makes this example different than the previous ones? Use the box below to write down a few
thoughts about how you would multiply three fractions together.

Answer

Multiply the numerators and multiply the denominators.

2-1-3

345

Simplify first by canceling (dividing) the common factors of 3 and 2. 3 divided by 3 is 1, and 2 divided by 2
is 1.




Answer

Divide Fractions

There are times when you need to use division to solve a problem. For example, if painting one coat of paint
on the walls of a room requires 3 quarts of paint and you have a bucket that contains 6 quarts of paint, how
many coats of paint can you paint on the walls? You divide 6 by 3 for an answer of 2 coats. There will also

be times when you need to divide by a fraction. Suppose painting a closet with one coat only required %
quart of paint. How many coats could be painted with the 6 quarts of paint? To find the answer, you need to

divide 2 by the fraction, %

Before we begin dividing fractions, let’s cover some important terminology.

« reciprocal: two fractions are reciprocals if their product is 1 (Don’t worry; we will show you examples of
what this means.)
« quotient: the result of division

Dividing fractions requires using the reciprocal of a number or fraction. If you multiply two numbers together
and get 1 as a result, then the two numbers are reciprocals. Here are some examples of reciprocals:

Original number Reciprocal Product
3 4 3.4 3412 _
4 3 4 3 43 12
1 2 1,2 _12_2_4
2 1 2 1 21 2
3 1 3 1 _ 31 _ 3 __
3=1 3 T 3= 13 —35=1
29 = & 3 T3 T8 _ 21
3 3 7 3 7 37T 21

Sometimes we call the reciprocal the “flip” of the other number: flip % to get the reciprocal g

Division by Zero
You know what it means to divide by 2 or divide by 10, but what does it mean to divide a quantity by 0?7 Is
this even possible? Can you divide 0 by a number? Consider the fraction

0

8

We can read it as, “zero divided by eight.” Since multiplication is the inverse of division, we could rewrite this
as a multiplication problem.

?7-8=0.

We can infer that the unknown must be 0 since that is the only number that will give a result of 0 when it is
multiplied by 8.

Now let’s consider the reciprocal of % which would be % If we rewrite this as a multiplication problem, we

will have
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?7-0=8.

This doesn’t make any sense. There are no numbers that you can multiply by zero to get a result of 8. The
reciprocal of % is undefined, and in fact, all division by zero is undefined.

Caution! Division by zero is undefined and so is the reciprocal of any fraction that has a zero in
A the numerator. For any real number a, % is undefined. Additionally, the reciprocal of % will
always be undefined.

Divide a Fraction by a Whole Number

When you divide by a whole number, you are multiplying by the reciprocal. In the painting example where
you need 3 quarts of paint for a coat and have 6 quarts of paint, you can find the total number of coats that

can be painted by dividing 6 by 3, 6 = 3 = 2. You can also multiply 6 by the reciprocal of 3, which is % S0
the multiplication problem becomes

6.1 _ 6 _
13~ 32

DIVIDING IS MULTIPLYING BY THE RECIPROCAL

For all division, you can turn the operation into multiplication by using the reciprocal. Dividing is the same
as multiplying by the reciprocal.

The same idea will work when the divisor (the thing being divided) is a fraction. If you have % of a candy bar

and need to divide it among 5 people, each person gets % of the available candy:

_ 1 3

1.3 _3
— 54720

N

% of
Each person gets % of a whole candy bar.

If you have a recipe that needs to be divided in half, you can divide each ingredient by 2, or you can multiply
each ingredient by % to find the new amount.

For example, dividing by 6 is the same as multiplying by the reciprocal of 6, which is % Look at the diagram
of two pizzas below. How can you divide what is left (the red shaded region) among 6 people fairly?

£
@

3 3
2 divided by 6 = 3 x £

Bl

|-

X

W

. 1 .
Each person gets one piece, so each person gets 1 of a pizza.
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Dividing a fraction by a whole number is the same as multiplying by the reciprocal, so you can always use
multiplication of fractions to solve division problems.

EXAMPLE

2 .
F|nd3.4

Answer
Write your answer in lowest terms.

Dividing by 4 or % is the same as multiplying by the reciprocal of 4, which is %
1

2 2

3 74=3"17

Multiply numerators and multiply denominators.
21 _ 2

34 12

Simplify to lowest terms by dividing numerator and denominator by the common factor 4.
1

6

Answer

Wl
o
i~

Il
o=

EXAMPLE

Divide. 9 + %

Answer

Write your answer in lowest terms.

Dividing by % is the same as multiplying by the reciprocal of % which is %
.1 _ 9 2

9T =171

Multiply numerators and multiply denominators.

92 _ 18 _

1 1

This answer is already simplified to lowest terms.

Answer

= 18

D[ =

9+

Divide a Fraction by a Fraction

Sometimes you need to solve a problem that requires dividing by a fraction. Suppose you have a pizza that

is already cut into 4 slices. How many % slices are there?
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Lo 1
number of slices = 4 numberof; slices = 8

There are 8 slices. You can see that dividing 4 by % gives the same result as multiplying 4 by 2.

What would happen if you needed to divide each slice into thirds?

1
number of 3 slices = 12

You would have 12 slices, which is the same as multiplying 4 by 3.

DIVIDING WITH FRACTIONS

1. Find the reciprocal of the number that follows the division symbol.
2. Multiply the first number (the one before the division symbol) by the reciprocal of the second number
(the one after the division symbol).

Any easy way to remember how to divide fractions is the phrase “keep, change, flip.” This means to KEEP
the first number, CHANGE the division sign to multiplication, and then FLIP (use the reciprocal) of the
second number.

When solving a division problem by multiplying by the reciprocal, remember to write all whole numbers and
mixed numbers as improper fractions. The final answer should be simplified and written as a mixed number.

In the following video you will see an example of how to divide an integer by a fraction, as well as an
example of how to divide a fraction by another fraction.
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EXAMPLE

Y A |

Divide 3%

Answer

Multiply by the reciprocal.
2

KEEP 3

CHANGE = to -
1

FLIP 6

2.6

3 1

Multiply numerators and multiply denominators.

26 _ 12

31 3

Simplify.

12

3 = 4

Answer

EXAMPLE

. . 3 L] 2
Divide 53

Answer

Multiply by the reciprocal. Keep % change - to -, and flip %

3.3

5 2

Multiply numerators and multiply denominators.
3-3 9

5.2 10
Answer

3 .2 _ 9
5 3 10
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I. = 3

ra|

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=28
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COMBINING LIKE TERMS AND ORDER OF
OPERATIONS

» Recognize and combine like terms in an expression
» Use the order of operations to simplify expressions

Some important terminology before we begin:

« operations/operators: In mathematics we call things like multiplication, division, addition, and
subtraction operations. They are the verbs of the math world, doing work on numbers and variables.
The symbols used to denote operations are called operators, such as +, —, X ,+. As you learn more
math, you will learn more operators.

» term: Examples of terms would be 2z and —% or a®. Even lone integers can be a term, like 0.
» expression: A mathematical expression is one that connects terms with mathematical operators. For

example % +(2%) -9+ % is an expression.

Combining Like Terms
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One way we can simplify expressions is to combine like terms. Like terms are terms where the variables
match exactly (exponents included). Examples of like terms would be 52y and —3xy, or 8a?b and a?b, or —3
and 8. If we have like terms we are allowed to add (or subtract) the numbers in front of the variables, then
keep the variables the same. As we combine like terms we need to interpret subtraction signs as part of the
following term. This means if we see a subtraction sign, we treat the following term like a negative term. The
sign always stays with the term.

This is shown in the following examples:

EXAMPLE
Combine like terms: bx — 2y — 8z + Ty
Answer
The like terms in this expression are:
5x and —8z
—2y and Ty

Note how we kept the sign in front of each term.

Combine like terms:

5z — 8x = -3z

—2y+ Ty =5y

Note how signs become operations when you combine like terms.
Simplified Expression:

5 — 2y — 8z + Ty = —3x + 5y

In the following video you will be shown how to combine like terms using the idea of the distributive property.
Note that this is a different method than is shown in the written examples on this page, but it obtains the
same result.

Example: Combine the like terms.

12a° — 9a°

151> = 9r* — 18r°

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=29

In the video that follows, you will be shown another example of combining like terms. Pay attention to why
you are not able to combine all three terms in the example.

Order of Operations

You may or may not recall the order of operations for applying several mathematical operations to one
expression. Just as it is a social convention for us to drive on the right-hand side of the road, the order of
operations is a set of conventions used to provide order when you are required to use several mathematical
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EXAMPLE

Combine like terms: z? — 32z +9 — 522 + 3z — 1
Answer

The like terms in this expression are:

z? and —5z2

—3z and 3z

9and —1

Combine like terms:

xz? — 52 = —4zx2
—3x+3x=0
9—-1=8

Simplified Expression:
—4zx? + 8

Example: Combine the like terms.

—

€% + 3xy? + 4889 = %

1+4=5

—Im—=4+2m+9

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=29

operations for one expression.

THE ORDER OF OPERATIONS

Perform all operations within grouping symbols first. Grouping symbols include parentheses (),
brackets [ ], braces { }, and fraction bars.

Evaluate exponents or square roots.

Multiply or divide, from left to right.

Add or subtract, from left to right.

This order of operations is true for all real numbers.

Simplify 7-5+4+3 - 8
Answer
According to the order of operations, multiplication comes before addition and subtraction.
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Multiply 3 - 8

—-5+3-8
7-5+24

Now, add and subtract from left to right. 7—5 comes first.
2+24

Finally, add.

24+24=26

Answer

7-5+3-8=26

In the following example, you will be shown how to simplify an expression that contains both multiplication
and subtraction using the order of operations.

Order of Operations

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=29

When you are applying the order of operations to expressions that contain fractions, decimals, and negative
numbers, you will need to recall how to do these computations as well.

T 1 1
Simplify 3 - 3~ 8+ 1
Answer
According to the order of operations, multiplication and division come before addition and subtraction.
Sometimes it helps to add parentheses to help you know what comes first, so let’s put parentheses
around the multiplication and division since it will come before the subtraction.

o)+

Multiply 3 - % first.

b3)- (o)
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- (s+ 1)

Now, divide 8 = %

1 8 4
8+1 =711 7%
Subtract.

(1)-(32) = -31
Answer

1 .1
3-3 -8+ 7 =31

In the following video you are shown how to use the order of operations to simplify an expression that
contains multiplication, division, and subtraction with terms that contain fractions.

Order of Operations with Fractions

Simplify B2 —3 + -
i i

o=

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=29

Exponents and Square Roots

In this section, we expand our skills with applying the order of operation rules to expressions with exponents
and square roots. If the expression has exponents or square roots, they are to be performed after
parentheses and other grouping symbols have been simplified and before any multiplication, division,
subtraction, and addition that are outside the parentheses or other grouping symbols.

Recall that an expression such as 72 is exponential notation for 7 - 7. (Exponential notation has two parts:
the base and the exponent or the power. In 72, Tis the base and 2 is the exponent; the exponent
determines how many times the base is multiplied by itself.)

Exponents are a way to represent repeated multiplication; the order of operations places it before any other
multiplication, division, subtraction, and addition is performed.

Simplify 32 - 23.
Answer
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This problem has exponents and multiplication in it. According to the order of operations, simplifying
32 and 23 comes before multiplication.

32 A 23

32 is 3 - 3, which equals 9.
9.2}

23 is 2 - 2 - 2, which equals 8.
9.8

Multiply.

9.8="72

Answer

32.22 =172

In the video that follows, an expression with exponents on its terms is simplified using the order of
operations.

Order of Operations

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=29

When there are grouping symbols within grouping symbols, calculate from the inside to the outside. That is,
begin simplifying within the innermost grouping symbols first.

Remember that parentheses can also be used to show multiplication. In the example that follows, both uses
of parentheses—as a way to represent a group, as well as a way to express multiplication—are shown.

Simplify (3 + 4)* + (8) (4)

Answer

This problem has parentheses, exponents, multiplication, and addition in it. The first set of parentheses is
a grouping symbol. The second set indicates multiplication.

Grouping symbols are handled first. Add numbers in parentheses.

(3+4)°+(8)(4)
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Add.
49 4 32 = 81

Answer

(3+4)*+ (8)(4) =81

In the following video, you are shown how to use the order of operations to simplify an expression with
grouping symbols, exponents, multiplication, and addition.

Order of Operations

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=29

In the next example we will simplify an expression that has a square root.

o TH2+2°
Simplify m
Answer

This problem has all the operations to consider with the order of operations.

Grouping symbols are handled first, in this case the fraction bar. We will simplify the top and bottom
separately.
To simplify the top:
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VT+2+22

Add the numbers inside the square root, simplify the result and 22
VT+2+22

=419+14

=3+4="7

To simplify the bottom:

(8)(4) — 11

Multiply 8 and 4 first, then subtract 11.

(8)(4) —11=32—-11=21

Now put the fraction back together to see if any more simplifying needs to be done.
7 . 1
51 this can be reduced to 3

Answer
VTF2+2° 1
(8)(4)—11 3

Simplifying Expressions with Square Roots

|

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=29

THINK ABOUT IT

These problems are very similar to the examples given above. How are they different and what tools do
you need to simplify them?

a) Simplify (1.5 + 3.5) —2(0.5 - 6)2. This problem has parentheses, exponents, multiplication, subtraction,
and addition in it, as well as decimals instead of integers.

Use the box below to write down a few thoughts about how you would simplify this expression with
decimals and grouping symbols.




Answer
Grouping symbols are handled first. Add numbers in the first set of parentheses.

(1.5 +3.5)-2(0.5 - 6)2
5-2(0.5 - 6)?

Multiply numbers in the second set of parentheses.
5-2(0.5 - 6)2
5—-2(3)2

Evaluate exponents.
5— 2(3)2
5-2-9

Multiply.
5-2-9
5—18

Subtract.
5-18 = —13

Answer

(1.5 + 3.5)-2(0.5 - 6)2 = —13
2 3

b) Simplify (%) + (%) . 32

Use the box below to write down a few thoughts about how you would simplify this expression with
fractions and grouping symbols.

Answer
This problem has exponents, multiplication, and addition in it, as well as fractions instead of integers.
According to the order of operations, simplify the terms with the exponents first, then multiply, then add.

(2) +(5) =2

1
Evaluate: ( ) =3

()3

|
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=
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Q
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Simplify. % = % SO you can add % + %

1 3
1t3 =1
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Answer

() (1) -3

Some people use a saying to help them remember the order of operations. This saying is called PEMDAS or
Please Excuse My Dear Aunt Sally. The first letter of each word begins with the same letter of an arithmetic
operation.

Please = Parentheses (and other grouping symbols)
Excuse =- Exponents

My Dear = Multiplication and Division (from left to right)
Aunt Sally = Addition and Subtraction (from left to right)

Note: Even though multiplication comes before division in the saying, division could be performed first.
Which is performed first, between multiplication and division, is determined by which comes first when
reading from left to right. The same is true of addition and subtraction. Don't let the saying confuse you
about this!

The order of operations gives us a consistent sequence to use in computation. Without the order of
operations, you could come up with different answers to the same computation problem. (Some of the early
calculators, and some inexpensive ones, do NOT use the order of operations. In order to use these
calculators, the user has to input the numbers in the correct order.)
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SUMMARY: REVIEW

Key Concepts

» To find the prime factorization of a number, use the factor tree method to divide away small prime
numbers until only prime factors remain. The product of those prime factors is the prime factorization of
the number.

» To find the least common multiple (LCM) of a list of numbers, write each number as a product of its
prime factors, select the largest instance of each prime that appears in any one number, then multiply
the selections together to obtain the LCM.

» To add or subtract fractions, first rewrite each fraction as an equivalent fraction, all having the same
denominator, then add or subtract the numerators and place the result over the common denominator.

a ¢ ad £ be
4=
b d bd
» To multiply fractions, place the product of the numerators over the product of the denominator.
a C ac
b d bd

» To divide fractions, multiply the first fraction by the reciprocal of the second
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a d_ad

o a C
b "d b ¢ bc’

» To simplify a fraction, rewrite the numerator and denominator as products of their prime factors, then
cancel ratios of common factors until there are no more common factors between the top and the
bottom.

« Division by zero is undefined.

* When applying the order of operations, first simplify inside grouping symbols, then evaluate exponents
or radicals, then multiply or divide from left to right in the order each appears, and finally add or subtract
from left to right in the order each appears.

Glossary

composite number a natural number that can be written as the product of other natural numbers. For
example, the number 10 can be written as the product of 2 and 5.

denominator the bottom part of a fraction — the denominator in the fraction % is 3

evaluate to substitute a given value for a variable in an expression and then perform the indicated
mathematical operation

exponent, exponential notation a superscript, called the exponent or power, over a number, called the
base, that tells how many times to use the base as a factor

expression several terms connected together by the operation of addition or subtraction
factor a number being multiplied, for example, for 2 -5 = 10, the numbers 2 and 5 are factors of 10

least common multiple, LCM Given two or more numbers, the least common multiple between them is the
smallest number that each of the given numbers divides evenly into

like terms terms in which the variables match exactly (exponents included)
numerator the top part of a fraction — the numerator in the fraction % is 2

operations/operators multiplication, division, addition, subtraction
prime number a number that is divisible only by itself and 1

product the result of multiplication

radical a symbol indicating the square root, cube root, etc. of a number
simplify, reduce to write a mathematical statement in smallest terms

term a single number or variable, or the product of a number and a variable, which may also contain one or
more exponents or radicals
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By the end of this section, you will be able to:

» Classify a real number as a natural, whole, integer, rational, or irrational number.

Perform calculations using order of operations.

Use the following properties of real numbers: commutative, associative, distributive, inverse, and
identity.

Evaluate algebraic expressions.

Simplify algebraic expressions.

Because of the evolution of the number system, we can now perform complex calculations using
several categories of real numbers. In this section we will explore sets of numbers, perform calculations with
different kinds of numbers, and begin to learn about the use of numbers in algebraic expressions.
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CLASSIFY A REAL NUMBER

LEARNING OUTCOMES

» Write integers as rational numbers
« |dentify rational numbers
« Classify real numbers into sets

REVIEW FOR SUCCESS

About the notation for the sets of numbers we’ll explore in this section:

« Natural numbers: The most familiar numbers are the natural numbers (sometimes called counting
numbers): 1,2, 3, and so on. The mathematical symbol for the set of all natural numbers is written as
N.

* Whole numbers: The set of whole numbers includes all natural numbers as well as 0. There is no
special notation for this set.

 Integers: The set of all natural numbers together with their opposites (negative), including 0, is called
the set of integers, notated Z.

« Rational numbers: A rational number, QQ, is a number that can be expressed as a ratio of integers (a
fraction with an integer numerator and a positive, non-zero integer denominator).

« Real numbers: The real numbers include all the numbers above. The symbol for the real numbers is
R.

« Irrational numbers: All the real numbers that are not rational are called irrational numbers. These
numbers cannot be expressed as a fraction of integers. Irrational numbers can be notated by the
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symbol R\Q, that is, the set of all real numbers minus the set of all rational numbers.

The numbers we use for counting, or enumerating items, are the natural numbers: 1, 2, 3, 4, 5, and so on.
We describe them in set notation as {1, 2, 3, ...} where the ellipsis (...) indicates that the numbers continue
to infinity. The natural numbers are, of course, also called the counting numbers. Any time we enumerate the
members of a team, count the coins in a collection, or tally the trees in a grove, we are using the set of
natural numbers. The set of whole numbers is the set of natural numbers plus zero: {0, 1, 2, 3,...}.The set
of integers adds the opposites of the natural numbers to the set of whole numbers:{...,-3, -2, -1,0, 1, 2, 3,
...}. It is useful to note that the set of integers is made up of three distinct subsets: negative integers, zero,
and positive integers. In this sense, the positive integers are just the natural numbers. Another way to think
about it is that the natural numbers are a subset of the integers.

negative integers Z€ero positive integers

o, —3,-2,—1, 0, 1,2,3,...

The set of rational numbers is written as {% |m and n are integers and n # O}. Notice from the definition

that rational numbers are fractions (or quotients) containing integers in both the numerator and the
denominator, and the denominator is never 0. We can also see that every natural number, whole number,
and integer is a rational number with a denominator of 1.

WHY MUST THE DENOMINATOR OF A QUOTIENT NEVER BE 0?

Recall that division by zero is undefined.

0
» For any numbera, — =0

ol Qe

» For any number a, — = undefined

Because they are fractions, any rational number can also be expressed in decimal form. Any rational

number can be represented as either:
15 _

1. a terminating decimal: % 1.875, or

2. a repeating decimal: 14—1 = 0.36363636--- = 0.36

We use a line drawn over the repeating block of numbers instead of writing the group multiple times.

EXAMPLE: WRITING INTEGERS AS RATIONAL NUMBERS

Write each of the following as a rational number.

1.7
2.0
3.-8
Answer
Write a fraction with the integer in the numerator and 1 in the denominator.

7
1.7=~
=7
2.0="2
L g
3. —8=—-
1
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TRY IT

Write each of the following as a rational number.

1. 11
2.3
3.-4

Answer

EXAMPLE: IDENTIFYING RATIONAL NUMBERS

Write each of the following rational numbers as either a terminating or repeating decimal.

-2

Answer
Write each fraction as a decimal by dividing the numerator by the denominator.

1. —; = —0.714285, a repeating decimal

15
2. 5= 3 (or 3.0), a terminating decimal

3. ;—g = 0.52, a terminating decimal

Irrational Numbers

At some point in the ancient past, someone discovered that not all numbers are rational numbers. A builder,
for instance, may have found that the diagonal of a square with unit sides was not 2 or even % but was
something else. Or a garment maker might have observed that the ratio of the circumference to the diameter
of a roll of cloth was a little bit more than 3, but still not a rational number. Such numbers are said to be
irrational because they cannot be written as fractions. These numbers make up the set of irrational
numbers. Irrational numbers cannot be expressed as a fraction of two integers. It is impossible to describe
this set of numbers by a single rule except to say that a number is irrational if it is not rational. We can
express this symbolically using a particular kind of notation called set notation as

{h|his not a rational number}, that is, “the set of all numbers h such that & is not a rational number.”

Real Numbers
Given any number n, we know that n s either rational or irrational. It cannot be both. The sets of rational and
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EXAMPLE: DIFFERENTIATING RATIONAL AND IRRATIONAL NUMBERS

Determine whether each of the following numbers is rational or irrational. If it is rational, determine
whether it is a terminating or repeating decimal.

2
=~

5. 0.3033033303333 ...
Answer

1. 4/25 : This can be simplified as v/25 = 5. Therefore, 1/25 is rational.
33 - . 33 . . L -
2. — : Because it is a fraction, 9 is a rational number. Next, simplify and divide.

33 11-3 11 —
9 3.3 3 36

33
So, 9 is rational and a repeating decimal.
3. v/11 : This cannot be simplified any further. Therefore, 1/11 is an irrational number.
17 . . 17 . L -
4, 34 : Because it is a fraction, 34 is a rational number. Simplify and divide.
17 1-17 1
34247 2 0P
17
So, 31 is rational and a terminating decimal.

5. 0.3033033303333... is not a terminating decimal. Also note that there is no repeating pattern because
the group of 3s increases each time. Therefore it is neither a terminating nor a repeating decimal and,
hence, not a rational number. It is an irrational number.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=32

irrational numbers together make up the set of real numbers. As we saw with integers, the real numbers
can be divided into three subsets: negative real numbers, zero, and positive real numbers. Each subset
includes fractions, decimals, and irrational numbers according to their algebraic sign (+ or —). Zero is
considered neither positive nor negative.

The real numbers can be visualized on a horizontal number line with an arbitrary point chosen as 0, with
negative numbers to the left of 0 and positive numbers to the right of 0. A fixed unit distance is then used to
mark off each integer (or other basic value) on either side of 0. Any real number corresponds to a unique
position on the number line. The converse is also true: each location on the number line corresponds to
exactly one real number. This is known as a one-to-one correspondence. We refer to this as the real

number line.
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The real number line

EXAMPLE: CLASSIFYING REAL NUMBERS

Classify each number as either positive or negative and as either rational or irrational. Does the number lie
to the left or the right of 0 on the number line?

10
1. 3
2.5
3. —v/289
4. —67

5.0.615384615384 ...

Answer

10
1. — 3 is negative and rational. It lies to the left of 0 on the number line.

2. v/5 is positive and irrational. It lies to the right of 0.

3. —v/289 = —1/172 = —17 is negative and rational. It lies to the left of 0.

4. —6m is negative and irrational. It lies to the left of 0.

5.0.615384615384 . . . is a repeating decimal so it is rational and positive. It lies to the right of 0.

TRY IT

Classify each number as either positive or negative and as either rational or irrational. Does the number lie
to the left or the right of 0 on the number line?

1.7/73
2. —11.411411411 ...
o 47
19
5
PR L)

2
5.6.210735
Answer

1. positive, irrational; right
2. negative, rational; left
3. positive, rational; right
4. negative, irrational; left
5. positive, rational; right

Sets of Numbers as Subsets

Beginning with the natural numbers, we have expanded each set to form a larger set, meaning that there is

a subset relationship between the sets of numbers we have encountered so far. These relationships become
more obvious when seen as a diagram.
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Q’, m |2, etc.

Sets of numbers. N: the set of natural numbers W: the set of whole numbers I: the set of integers Q: the set of rational numbers Q’:
the set of irrational numbers

A GENERAL NOTE: SETS OF NUMBERS

The set of natural numbers includes the numbers used for counting: {1, 2,3, ...}.
The set of whole numbers is the set of natural numbers plus zero: {0,1,2,3,...}.

The set of integers adds the negative natural numbers to the set of whole numbers:
{..,-3,-2,-1,0,1,2,3,...}.

The set of rational numbers includes fractions written as { ”*|m and n are integers and n # 0}.

The set of irrational numbers is the set of numbers that are not rational, are nonrepeating, and are
nonterminating: {h|h is not a rational number}.

Watch this video for an overview of the sets of numbers, and how to identify which set a number belongs to.
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EXAMPLE: DIFFERENTIATING THE SETS OF NUMBERS

Classify each number as being a natural number (N), whole number (W), integer (/), rational number (Q),
and/or irrational number (Q).

.36

3.

N S
w| oo
N O g
[S%)

121121112 ..

Answer

3
(=]
I
(=]
x
x
x
X

2.

3.V73 X
4.-6 X X

w| oo
Il
N
=]
X

5.3.2121121112... X

TRY IT

Classify each number as being a natural number (N), whole number (W), integer (), rational number (Q),
and/or irrational number (Q).

35

a. — 0
b.0
C. v/169

d. 24
e. 4.763763763 . ..

Answer

N w / Q Q’
35

b.0
C. v 169

d. /24
e. 4.763763763 . ..

X X X X

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=32

49




An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=32

Examples: Classifying Real Nm

t(s) of reql numbers ea

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=32
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PROPERTIES OF REAL NUMBERS

LEARNING OUTCOMES

» Use the order of operations to simplify an algebraic expression.
» Use properties of real numbers to simplify algebraic expressions.

When we multiply a number by itself, we square it or raise it to a power of 2. For example, 4> = 4 - 4 = 16.
We can raise any number to any power. In general, the exponential notation ¢ means that the number or

variable a is used as a factor n times.

In this notation, a” is read as the nth power of a, where a is called the base and n is called the exponent. A
term in exponential notation may be part of a mathematical expression, which is a combination of numbers
and operations. For example, 24 + 6 - % — 42 is a mathematical expression.
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To evaluate a mathematical expression, we perform the various operations. However, we do not perform
them in any random order. We use the order of operations. This is a sequence of rules for evaluating such
expressions.

Recall that in mathematics we use parentheses ( ), brackets [ ], and braces { } to group numbers and
expressions so that anything appearing within the symbols is treated as a unit. Additionally, fraction bars,
radicals, and absolute value bars are treated as grouping symbols. When evaluating a mathematical
expression, begin by simplifying expressions within grouping symbols.

The next step is to address any exponents or radicals. Afterward, perform multiplication and division from
left to right and finally addition and subtraction from left to right.
Let’s take a look at the expression provided.

2
24 +6- = — 42
+ 3

There are no grouping symbols, so we move on to exponents or radicals. The number 4 is raised to a power
of 2, so simplify 42 as 16.

2
24 +6- = — 42
+ 3
2
244+6-—-—16
3
Next, perform multiplication or division, left to right.
2
24+6- 3~ 16
24+4—-16
Lastly, perform addition or subtraction, left to right.
24 +4—-16
28 — 16
12

2
Therefore, 24 + 6 - 3 4% = 12.

HOW WAS THE FRACTION ABOVE SIMPLIFIED?

Recall, when mulitplying fractions, we multiply the numerators together and place the result over the
product of the denominators.
a ¢ ac

QE‘E:Q
6
1

3

For some complicated expressions, several passes through the order of operations will be needed. For
instance, there may be a radical expression inside parentheses that must be simplified before the
parentheses are evaluated. Following the order of operations ensures that anyone simplifying the same
mathematical expression will get the same result.

A GENERAL NOTE: ORDER OF OPERATIONS

Operations in mathematical expressions must be evaluated in a systematic order, which can be simplified
using the acronym PEMDAS:

P(arentheses)
E(xponents)
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M(ultiplication) and D(ivision)
A(ddition) and S(ubtraction)

HOW TO: GIVEN A MATHEMATICAL EXPRESSION, SIMPLIFY IT USING THE
ORDER OF OPERATIONS.

1. Simplify any expressions within grouping symbols.

2. Simplify any expressions containing exponents or radicals.

3. Perform any multiplication and division in order, from left to right.
4. Perform any addition and subtraction in order, from left to right.

Watch the following video for more examples of using the order of operations to simplify an expression.

Using Properties of Real Numbers

For some activities we perform, the order of certain operations does not matter, but the order of other
operations does. For example, it does not make a difference if we put on the right shoe before the left or
vice-versa. However, it does matter whether we put on shoes or socks first. The same thing is true for
operations in mathematics.

Commutative Properties

The commutative property of addition states that numbers may be added in any order without affecting
the sum.
at+b=b+a

We can better see this relationship when using real numbers.
(-2)+7=5and 7+ (-2)=5

Similarly, the commutative property of multiplication states that numbers may be multiplied in any order
without affecting the product.
a-b=b-a

Again, consider an example with real numbers.
(=11)-(—4) =44 and (—4)-(-11) =44

It is important to note that neither subtraction nor division is commutative. For example, 17 — 5 is not the
same as 5 — 17. Similarly, 20 <+ 5 # 5 + 20.

Associative Properties

The associative property of multiplication tells us that it does not matter how we group numbers when
multiplying. We can move the grouping symbols to make the calculation easier, and the product remains the
same.

a (be) = (ab) ¢

Consider this example.
(3-4)-5=60and 3-(4-5) =60

The associative property of addition tells us that numbers may be grouped differently without affecting the

sum.
a+(b+c)=(a+b)+c
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EXAMPLE: USING THE ORDER OF OPERATIONS

Use the order of operations to evaluate each of the following expressions.

1.(3-2)> —4(6+2)
52 — 4

2. - —J11 -2
3.6—|5—-8/+3(4—-1)

14—-3-2
2.5 32

5.7(5-3)—2[(6—3)—4*] +1

Answer
1.

(3-2)* = (6)* —4(8) Simplify parentheses

=36 —4(8) Simplify exponent
=36 — 32 Simplify multiplication
=4 Simplify subtraction
2.
5 —4 57 — 4 N , .
- VI =2 = . V9 Simplify grouping systems (radical)
2
-4
= > = 3 Simplify radical
25 —14
= -3 Simplify exponent
7
21
== - 3 Simplify subtraction in numerator
=3-3 Simplify division
=0 Simplify subtraction

Note that in the first step, the radical is treated as a grouping symbol, like parentheses. Also, in the third
step, the fraction bar is considered a grouping symbol so the numerator is considered to be grouped.

3.
6—15—8+3(4—-1)=6—|—-3[+3(3) Simplify inside grouping system

=6-3+3(3) Simplify absolute value
=6—-—34+9 Simplify multiplication
=3+9 Simplify subtraction
=12 Simplify addition

4

14—-3-2 14-3-2

2.5 _ 32 T 32.5_9 Simplify exponent
14—-6

T 10—9 Simplify products

= % Simplify quotient

=8 Simplify quotient

In this example, the fraction bar separates the numerator and denominator, which we simplify separately
until the last step.

5.
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7(5-3) —2[(6—3) —4*] +1=7(15) —2[(3) —4?]+1  Simplify inside parentheses

7(15)—2(3—-16)+1 Simplify exponent
=7(15)—2(-13)+1 Subtract
=105+26+1 Multiply
=132 Add
TRY IT
Use the order of operations to evaluate the following expression:
23-5
/(21 =5) —2(7+9%) + 2

Answer

23—5

1/(4)—2 7+ 81 +372
(4) -

( )
2(88) + %8

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=33

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=33

RECALL: SIMPLIFYING FRACTIONS

To simplify a fraction, look for common factors in the numerator and the denominator. In the video below, a
14 14 2.7 2 7
fraction, % must be simplified. Since % 2.13 and since 5 = 1, this fraction simplifies to 3

Simplifying Expressions with Square Roots

|| Simplify

Jil R

il

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=33

This property can be especially helpful when dealing with negative integers. Consider this example.



[15 4+ (—9)] + 23 = 29 and 15 + [(—9) + 23] = 29

Are subtraction and division associative? Review these examples.
?

8—(3—15)=(8—-3)—15

\
8—(~12)=5—15
20 # 20 — 10

64+ (8+4) = (64+8)+4

642284
32 £ 2

As we can see, neither subtraction nor division is associative.

Distributive Property

The distributive property states that the product of a factor times a sum is the sum of the factor times each
term in the sum.
a-(b+c)=a-b+a-c

This property combines both addition and multiplication (and is the only property to do so). Let us consider
an example.

5
=4-12+4-(-7)
= 48 + (-28)
=20

4-[12 + (-7)]

Note that 4 is outside the grouping symbols, so we distribute the 4 by multiplying it by 12, multiplying it by —
7, and adding the products.

To be more precise when describing this property, we say that multiplication distributes over addition. The
reverse is not true, as we can see in this example.

6+(3-5) = (6+3)(6+5)

6+ (15) = (9) - (11)
21 £ 99

Multiplication does not distribute over subtraction, and division distributes over neither addition nor
subtraction.

A special case of the distributive property occurs when a sum of terms is subtracted.
a—b=a+ (-b)

For example, consider the difference 12 — (5 + 3). We can rewrite the difference of the two terms 12 and
(5 + 3) by turning the subtraction expression into addition of the opposite. So instead of subtracting (5 + 3),
we add the opposite.

12+ (=1)-(5+3)

Now, distribute —1 and simplify the result.
124+ (-1)-(5+3)=12+[(-1)-5+(-1) - 3]
=12+ (-5-3)
=12+ (—8)
=4
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This seems like a lot of trouble for a simple sum, but it illustrates a powerful result that will be useful once we
introduce algebraic terms. To subtract a sum of terms, change the sign of each term and add the results.
With this in mind, we can rewrite the last example.
12— (5+3)=12+ (-5 —3)
=12+ (-8)
=4

|dentity Properties

The identity property of addition states that there is a unique number, called the additive identity (0) that,
when added to a number, results in the original number.
a+0=a

The identity property of multiplication states that there is a unique number, called the multiplicative
identity (1) that, when multiplied by a number, results in the original number.
a-1=a

For example, we have (—6) +0 = —6 and 23 - 1 = 23. There are no exceptions for these properties; they
work for every real number, including O and 1.

Inverse Properties

The inverse property of addition states that, for every real number a, there is a unique number, called the
additive inverse (or opposite), denoted-a, that, when added to the original number, results in the additive
identity, 0.

a+(—a)=0

For example, if a = —8, the additive inverse is 8, since (—8) + 8 = 0.

The inverse property of multiplication holds for all real numbers except 0 because the reciprocal of 0 is
not defined. The property states that, for every real number a, there is a unique number, called the
multiplicative inverse (or reciprocal), denoted % that, when multiplied by the original number, results in the

multiplicative identity, 1.

=1

1
a-_
a

For example, if a = — 2, the reciprocal, denoted <, is — 2 because

O

A GENERAL NOTE: PROPERTIES OF REAL NUMBERS

The following properties hold for real numbers a, b, and c.
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Addition Multiplication

Commutative

Property at+tb=b+a a-b=b-a
Associative _ _
Property a+(b+c)=(a+b)+c a (bc) = (ab) c
Distributive o )
Property a-(b+c)=a-b+a-c

There exists a unique real number called There exists a unique real number called
Identity the additive identity, 0, such that, for any  the multiplicative identity, 1, such that, for
Property real number a any real number a

a+0=a a-l1=a

- Every nonzero real number a has a

Every real number a has an additive multiplicative inverse, or reciprocal, denoted
Inverse inverse, or opposite, denoted —a, such 1 such that
Property that “

a

a+(—a)=0 a.(l)zl

USING THE INVERSE PROPERTY OF NUMBERS: SIMPLIFYING FRACTIONS

Recall when simplifying fractions, we look for common factors in the numerator and denominator to
a
“cancel out.” What we mean by that is that common factors, 2 divide to the number 1. This is based on

the inverse property of multiplication.
Because the inverse property states that

1
(1)
a
and because fraction multiplication gives that
a C o ac
b d bd’
We have

a 1 a
—_— —_ :—:1
1 (a) a
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EXAMPLE: USING PROPERTIES OF REAL NUMBERS

Use the properties of real numbers to rewrite and simplify each expression. State which properties apply.

1.3-6+3-4
2.(5+8)+ (-8)

3.6 —(15+9)

4. § . Z

5.100 - [0.75 + (—2.38)]

4 (7
7

Answer
1.
3:6+3-4=3-(6+4) Distributive property

=3-10 Simplify
=30 Simplify
2.
(5+8)+(—8) =5+ [8+(—8)] Associative property of addition
=540 Inverse property of addition
=5 Identity property of addition
3.
6—-(15+9)=6+(—-15—-9) Distributive property
=6+ (—24) Simplify
= —18 Simplify

Commutative property of multiplication

4.
d(2. 7y _4 (T
7' \3°4)" 4

. w| N
W N N

4
7
4 7 _ T
=\77 Associative property of multiplication
2 e s
=1- 3 Inverse property of multiplication
2
=3 Identity property of multiplication
5.
100 - [0.75 + (—2.38)] = 100 - 0.75 + 100 - (—2.38) Distributive property
=75+ (—238) Simplify
= —163 Simplify
TRY IT

Use the properties of real numbers to rewrite and simplify each expression. State which properties apply.

() (3)
2.5 (6.2+0.4)
3.18 — (7 —15)

L1 [a (T
18 9 18

56-(—3)+6-3
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Answer

1. 11, commutative property of multiplication, associative property of multiplication, inverse property of
multiplication, identity property of multiplication;

2. 33, distributive property;

3. 26, distributive property;

4
4, 9 commutative property of addition, associative property of addition, inverse property of addition,

identity property of addition;
5. 0, distributive property, inverse property of addition, identity property of addition

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=33

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=33
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EVALUATE AND SIMPLIFY ALGEBRAIC
EXPRESSIONS

LEARNING OUTCOMES

« List the constants and variables in an algebraic expression.
+ Evaluate an algebraic expression.
+ Use an algebraic formula.

So far, the mathematical expressions we have seen have involved real numbers only. In mathematics, we
may see expressions such as ¢ + 5, %nr?’, or v/2m3n?. In the expression z + 5, 5 is called a constant

because it does not vary and x is called a variable because it does. (In naming the variable, ignore any
exponents or radicals containing the variable.) An algebraic expression is a collection of constants and
variables joined together by the algebraic operations of addition, subtraction, multiplication, and division.

We have already seen some real number examples of exponential notation, a shorthand method of writing
products of the same factor. When variables are used, the constants and variables are treated the same

way.
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(=3)° =(=3)(-3)-(=3):(-3)(-3) =z z-z- 22
2:7'=27-2:7-2:7 )" = (v2) - (v2) - (v2)

In each case, the exponent tells us how many factors of the base to use, whether the base consists of
constants or variables.

Any variable in an algebraic expression may take on or be assigned different values. When that happens,
the value of the algebraic expression changes. To evaluate an algebraic expression means to determine the
value of the expression for a given value of each variable in the expression. Replace each variable in the
expression with the given value, then simplify the resulting expression using the order of operations. If the
algebraic expression contains more than one variable, replace each variable with its assigned value and
simplify the expression as before.

EXAMPLE: DESCRIBING ALGEBRAIC EXPRESSIONS

List the constants and variables for each algebraic expression.

1. x+5

2. %7‘(‘7’3

3. vV2m3n2

Answer
Constants Variables

1.x+5 5 X
2. %777"3 %’ i r
3. v2m?3n? 2 m,n

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

In the following video we present more examples of how to evaluate an expression for a given value.

Formulas

An equation is a mathematical statement indicating that two expressions are equal. The expressions can be
numerical or algebraic. The equation is not inherently true or false, but only a proposition. The values that
make the equation true, the solutions, are found using the properties of real numbers and other results. For
example, the equation 2z + 1 = 7 has the unique solution z = 3 because when we substitute 3 for z in the
equation, we obtain the true statement 2 (3) +1 = 7.

A formula is an equation expressing a relationship between constant and variable quantities. Very often the
equation is a means of finding the value of one quantity (often a single variable) in terms of another or other
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EXAMPLE: EVALUATING AN ALGEBRAIC EXPRESSION AT DIFFERENT

VALUES
Evaluate the expression 2z — 7 for each value for x.
1.2=0
2.r=1
3 1
L= =
2
4.¢=—-4
Answer

1. Substitute 0 for x.
20 —7=2(0)—7
=0-—-7
= -7
2. Substitute 1 for .
20 —7=2(1)—-7
=2-7
=-5
3. Substitute % for x.

1

=1-7
=—6
4. Substitute —4 for x.
20 —7=2(—-4)—-7
=-8-—-7
=-15

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

quantities. One of the most common examples is the formula for finding the area A of a circle in terms of the

radius r of the circle: A = 7r2. For any value of r, the area A can be found by evaluating the expression

7'("]"2 .

Simplify Algebraic Expressions

Sometimes we can simplify an algebraic expression to make it easier to evaluate or to use in some other
way. To do so, we use the properties of real numbers. We can use the same properties in formulas because
they contain algebraic expressions.
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EXAMPLE: EVALUATING ALGEBRAIC EXPRESSIONS

Evaluate each expression for the given values.

.z+5bforxz=-5
t _
5T fort =10

w N

4
.§7rr3forr:5
4, a+ab+bfora—11 b= -8

5.v2 2form=2,n=3
Answer

1. Substitute —5 for x.

z+5=(-5)+5
=0
2. Substitute 10 for t.
t (10)
2t—1  2(10) -1
10
201
10
19
3. Substitute 5 for 7.
§7T1"3 = %7‘(‘(5)3
= §7r (125)
~ 500
T3

4, Substitute 11 for a and —8 for b.
a+ab+b=(11) + (11) (—8) + (—8)

=11-8-18
= -85
5. Substitute 2 for m and 3 for n.
VemPn? = /2(2)%(3)?
=,/2(8)(9)
= 4/144
=12

BE CAREFUL WHEN SIMPLIFYING FRACTIONS!
(25) o (257 !

1
————— not simplify to = = =7
3(25) — 1 Py 36 1 31 2
Using the inverse property of multiplication, we are permitted to “cancel out” common factors in the
numerator and denominator such that ¢ _ 1.
a

Why does the fraction

62




But be careful! We have no rule that allows us to cancel numbers in the top and bottom of a fractions that
are contained in sums or differences. You'll see this idea reappear frequently throughout the course.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

Evaluating Algebraic Expressions

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34
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EXAMPLE: USING A FORMULA

A right circular cylinder with radius 7 and height h has the surface area S (in square units) given by the
formula S = 27r (r + h). Find the surface area of a cylinder with radius 6 in. and height 9 in. Leave the

answer in terms of .
r
_a ‘

S 4

Right circular cylinder
Answer
Evaluate the expression 27r (r + h) forr = 6 and h = 9.
S =2nr(r+h)
=27 (6) [(6) + (9)]
= 27 (6) (15)
= 1807w

The surface area is 1807 square inches.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

TRYIT
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Figure 4

A photograph with length L and width W is placed in a matte of width 8 centimeters (cm). The area of the

matte (in square centimeters, or cm?) is found to be A = (L + 16) (W 4 16) — L - W. Find the area of a
matte for a photograph with length 32 cm and width 24 cm.

Answer
1,152 cm?

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

RECALL: OPERATIONS ON FRACTIONS

When simplifying algebraic expressions, we may sometimes need to add, subtract, simplify, multiply, or
divide fractions. It is important to be able to do these operations on the fractions without converting them
to decimals.

To multiply fractions, multiply the numerators and place them over the product of the denominators.
a cC ac

b d bd
To divide fractions, multiply the first by the reciprocal of the second.

65




a ¢ a d ad
b "d b ¢ b
To simplify fractions, find common factors in the numerator and denominator that cancel.

c

24 2-2-2-3 3 3
32 2.2.2.2.2 2.2 4

To add or subtract fractions, first rewrite each fraction as an equivalent fraction such that each has a
common denominator, then add or subtract the numerators and place the result over the common
denominator.

ad =+ be
bd

a  c
24 ==
b d

EXAMPLE: SIMPLIFYING ALGEBRAIC EXPRESSIONS

Simplify each algebraic expression.

1.3z —2y+ox—-3y—7
2.2r—-5(3—-r)+4

5 2
3. <4t — Zs) — (gt + 23)
4.2mn—5m+3mn+n
Answer

3z —2y+ax—3y—7=3z+x—-2y—3y—7
1. =4z —-5y—7T

Commutative property of addition
Simplify

2r—53—-r)+4=2r—15+5r+4
=2r+5r—15+4

Distributive property
Commutative property of addition

2.
=T7r—11 Simplify
5 2 5 2 e
4t — Zs — (gt + 23) =4t — Zs — §t —2s Distributive property
2 5 . .

=4t — gt — 15 2s Commutative property of addition
8 —12t 2t > 8 Common Denominat

=3 3 15718 ommon Denominators

1 1

= ?Ot — 733 Simplify

4 M Sm+3mn+n=2mn+3mn—5m+n Commutative property of addition

=bmn—om-+n

Simplify

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

66




An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=34

EXAMPLE: SIMPLIFYING A FORMULA

A rectangle with length L and width W has a perimeter P given by P = L + W + L + W. Simplify this
expression.
Answer

P=L+W+L+W

P=L+L+W+W Commutative property of addition

P=2L+2W Simplify

P=2(L+W) Distributive property
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SUMMARY: REAL NUMBERS

Key Concepts

» Rational numbers may be written as fractions or terminating or repeating decimals.

» Determine whether a number is rational or irrational by writing it as a decimal.

« The rational numbers and irrational numbers make up the set of real numbers. A number can be
classified as natural, whole, integer, rational, or irrational.

« The order of operations is used to evaluate expressions.

» The real numbers under the operations of addition and multiplication obey basic rules, known as the
properties of real numbers. These are the commutative properties, the associative properties, the
distributive property, the identity properties, and the inverse properties.

» Algebraic expressions are composed of constants and variables that are combined using addition,
subtraction, multiplication, and division. They take on a numerical value when evaluated by replacing
variables with constants.

» Formulas are equations in which one quantity is represented in terms of other quantities. They may be
simplified or evaluated as any mathematical expression.
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Glossary

algebraic expression constants and variables combined using addition, subtraction, multiplication, and
division

associative property of addition the sum of three numbers may be grouped differently without affecting
the result; in symbols,a + (b+¢) = (a+b) + ¢

associative property of multiplication the product of three numbers may be grouped differently without
affecting the result; in symbols, a - (b-¢c) = (a-b) - ¢

base in exponential notation, the expression that is being multiplied

commutative property of addition two numbers may be added in either order without affecting the result;
in symbols,a+b=b+a

commutative property of multiplication two numbers may be multiplied in any order without affecting the
result; in symbols,a-b=0b-a

constant a quantity that does not change value

distributive property the product of a factor times a sum is the sum of the factor times each term in the
sum; in symbols, a- (b+c)=a-b+a-c

equation a mathematical statement indicating that two expressions are equal

exponent in exponential notation, the raised number or variable that indicates how many times the base is
being multiplied

exponential notation a shorthand method of writing products of the same factor
formula an equation expressing a relationship between constant and variable quantities

identity property of addition there is a unique number, called the additive identity, 0, which, when added to
a number, results in the original number; in symbols, a + 0 = a

identity property of multiplication there is a unique number, called the multiplicative identity, 1, which,
when multiplied by a number, results in the original number; in symbols, a -1 =a

integers the set consisting of the natural numbers, their opposites, and 0: {..., -3,-2,-1,0,1,2,3,...}
inverse property of addition for every real number a, there is a unique number, called the additive inverse
(or opposite), denoted —a, which, when added to the original number, results in the additive identity, 0; in
symbols, a + (—a) =0

inverse property of multiplication for every non-zero real number a, there is a unique number, called the

1
multiplicative inverse (or reciprocal), denoted —, which, when multiplied by the original number, results in
a

1
the multiplicative identity, 1; in symbols, a - 2 =1

irrational numbers the set of all numbers that are not rational; they cannot be written as either a
terminating or repeating decimal; they cannot be expressed as a fraction of two integers

natural numbers the set of counting numbers: {1,2,3,...}

order of operations a set of rules governing how mathematical expressions are to be evaluated, assigning
priorities to operations
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m
rational numbers the set of all numbers of the form —, where m and n are integers and n # 0. Any
n

rational number may be written as a fraction or a terminating or repeating decimal.

real number line a horizontal line used to represent the real numbers. An arbitrary fixed point is chosen to
represent 0; positive numbers lie to the right of 0 and negative numbers to the left.

real numbers the sets of rational numbers and irrational numbers taken together
variable a quantity that may change value

whole numbers the set consisting of 0 plus the natural numbers: {0,1,2,3, ...}
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INTRODUCTION TO EXPONENTS AND
SCIENTIFIC NOTATION

By the end of this section, you will be able to:

» Use the product rule of exponents.

» Use the quotient rule of exponents.

» Use the power rule of exponents.

» Use the zero exponent rule of exponents.

» Use the negative rule of exponents.

« Find the power of a product and a quotient.
» Simplify exponential expressions.

» Use scientific notation.

Mathematicians, scientists, and economists commonly encounter very large and very small numbers. But it
may not be obvious how common such figures are in everyday life. For instance, a pixel is the smallest unit
of light that can be perceived and recorded by a digital camera. A particular camera might record an image
that is 2,048 pixels by 1,536 pixels, which is a very high resolution picture. It can also perceive a color depth
(gradations in colors) of up to 48 bits per frame, and can shoot the equivalent of 24 frames per second. The
maximum possible number of bits of information used to film a one-hour (3,600-second) digital film is then
an extremely large number.

Using a calculator, we enter 2,048 x 1,536 x 48 x 24 x 3,600 and press ENTER. The calculator displays
1.304596316E13. What does this mean? The “E13” portion of the result represents the exponent 13 of ten,
so there are a maximum of approximately 1.3 x 10'? bits of data in that one-hour film. In this section, we
review rules of exponents first and then apply them to calculations involving very large or small numbers.
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RULES FOR EXPONENTS

LEARNING OUTCOMES

» Use the product rule for exponents.
« Use the quotient rule for exponents.
» Use the power rule for exponents.

Consider the product 23 - z*. Both terms have the same base, x, but they are raised to different exponents.
Expand each expression, and then rewrite the resulting expression.
3 factors 4 factors
2t =z -z 2)(z-z -z 2)

7 factors
:m7

The result is that 23 - z* = 234 = 7.

Notice that the exponent of the product is the sum of the exponents of the terms. In other words, when
multiplying exponential expressions with the same base, we write the result with the common base and add
the exponents. This is the product rule of exponents.
a™ . a® = am+n
Now consider an example with real numbers.
23 . 24 _ 23+4 — 27

We can always check that this is true by simplifying each exponential expression. We find that 23 is 8, 2* is
16, and 27 is 128. The product 8 - 16 equals 128, so the relationship is true. We can use the product rule of
exponents to simplify expressions that are a product of two numbers or expressions with the same base but
different exponents.

A GENERAL NOTE: THE PRODUCT RULE OF EXPONENTS

For any real number a and natural numbers m and n, the product rule of exponents states that
a™ - aq® = am+n

In the following video we show more examples of how to use the product rule to simplify an expression with
exponents.
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EXAMPLE: USING THE PRODUCT RULE

Write each of the following products with a single base. Do not simplify further.

1.¢° -3

2.(-3)° - (-3)

3. 22 2% 23
Answer

Use the product rule to simplify each expression.

18783 =13 =¢8

2.(=3) (=3) = (-3)" - (-3)" = (-3)""" = (-3)"

3.2% 2% 23
At first, it may appear that we cannot simplify a product of three factors. However, using the associative
property of multiplication, begin by simplifying the first two.

m2,x5,x3:(x2,m5),x3:(x2+5),x3:m7,m3:m7+3:x10

Notice we get the same result by adding the three exponents in one step.

22 . b . g3 — g2+5+3 _ 410

TRYIT

Write each of the following products with a single base. Do not simplify further.
1. k8- &P
4
2. <%> . (2)
Y Y
3.3 -6 .45
Answer
1. k'S
()
2. | —
Y

3.t

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37

Using the Quotient Rule of Exponents

The quotient rule of exponents allows us to simplify an expression that divides two numbers with the same
m
base but different exponents. In a similar way to the product rule, we can simplify an expression such as z—n

9
, Where m > n. Consider the example y_5 Perform the division by canceling common factors.
Y
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Product Rule of Exponents

Vrite aach of the following products Lsing 2 single base. Do no
rplify furth

2 (=2)

EPRODUCT RULE OF EXPONENT

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37

Y _yyyyyyy
y° Yy y-y-y
WAV AV A REEN
VAV AN AV Ay |
_Yyyy
1

RECALL

When simplifying fractions, “canceling out” always leaves a 1 behind because 2 _ 1.
a

Notice that the exponent of the quotient is the difference between the exponents of the divisor and dividend.
a™

— =a
an
In other words, when dividing exponential expressions with the same base, we write the result with the
common base and subtract the exponents.

For the time being, we must be aware of the condition m > n. Otherwise, the difference m — n could be
zero or negative. Those possibilities will be explored shortly. Also, instead of qualifying variables as nonzero
each time, we will simplify matters and assume from here on that all variables represent nonzero real
numbers.

A GENERAL NOTE: THE QUOTIENT RULE OF EXPONENTS

For any real number a and natural numbers m and n, such that m > n, the quotient rule of exponents
states that




EXAMPLE: USING THE QUOTIENT RULE

Write each of the following products with a single base. Do not simplify further.

Answer
Use the quotient rule to simplify each expression.

= (=" = -2y

TRY IT

Write each of the following products with a single base. Do not simplify further.

75
1, %
(-3)°
=
(ef?)
(ef?)’

Answer

3.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37

Watch this video to see more examples of how to use the quotient rule for exponents.

Using the Power Rule of Exponents
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Write each of the following guotients using a single base. Do not
simplily further

%o divide exponeitial TormE with the same hasa, subtract $ie sxponent ‘

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37

Suppose an exponential expression is raised to some power. Can we simplify the result? Yes. To do this, we
use the power rule of exponents. Consider the expression (m2)3. The expression inside the parentheses is
multiplied twice because it has an exponent of 2. Then the result is multiplied three times because the entire
expression has an exponent of 3.

@) =) - () - (=)

3 factors

2 factors 2 factors 2 factors
= = =

:.’L’ﬁ

The exponent of the answer is the product of the exponents: (:1:2)3 = 223 = 25, In other words, when
raising an exponential expression to a power, we write the result with the common base and the product of

the exponents.
(am)n = ag™n

Be careful to distinguish between uses of the product rule and the power rule. When using the product rule,
different terms with the same bases are raised to exponents. In this case, you add the exponents. When
using the power rule, a term in exponential notation is raised to a power. In this case, you multiply the
exponents.

Product Rule Power Rule
53 . 54 = 534 = 5 but (53)4 = 534 = pl2
z5 . z2 = Bt2 = o7 but (a:5)2 = g2 = 10
10
Ba)-(30)° = (3™ = (3a)7 but ((3a)7> = (32" = (30)"

A GENERAL NOTE: THE POWER RULE OF EXPONENTS

For any real number a and positive integers m and n, the power rule of exponents states that
(am)" = gm"n
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EXAMPLE: USING THE POWER RULE

Write each of the following products with a single base. Do not simplify further.
1. (:1:2)7
5\3
2, ((2t) )

3, ((—3)5)11

Answer
Use the power rule to simplify each expression.

1. (m2)7 = 27 = g4
2, ((2t)5)3 = (2t)** = (2t)"

3. ((-9°) = (9" = (-3)"

TRY IT

Write each of the following products with a single base. Do not simplify further.

1. ((3y)8)3

2. (5"

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37

The following video gives more examples of using the power rule to simplify expressions with exponents.

75



Power Rule of Exponents

TN EYD]

Write each of the following exprassions using a3 single base. Do
not simplify further.
Aed b

1 (x?)E = -

2 (Gv\")’

3 (=3

THE POWER AULE OF EXPONENTS
[xo)h = ph

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=37
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ZERO AND NEGATIVE EXPONENTS

LEARNING OUTCOMES

« Simplify expressions with exponents equal to zero.
» Simplify expressions with negative exponents.
» Simplify exponential expressions.

Return to the quotient rule. We made the condition that m > n so that the difference m — n would never be
zero or negative. What would happen if m = n? In this case, we would use the zero exponent rule of
exponents to simplify the expression to 1. To see how this is done, let us begin with an example.

A Vil B
C
If we were to simplify the original expression using the quotient rule, we would have

t8

ts — t878 — tO
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If we equate the two answers, the result is t° = 1. This is true for any nonzero real number, or any variable
representing a real number.
0 _
a’ =1

The sole exception is the expression 0°. This appears later in more advanced courses, but for now, we will
consider the value to be undefined.

A GENERAL NOTE: THE ZERO EXPONENT RULE OF EXPONENTS

For any nonzero real number a, the zero exponent rule of exponents states that
0 _
a’ =1

USING ORDER OF OPERATIONS WITH FRACTIONS

When simplifying expressions with exponents, it is sometimes helpful to rely on the rule for multiplying
fractions to separate the factors before doing work on them. For example, to simplify the expression
5a™ 22

using exponent rules, you may find it helpful to break the fraction up into a product of fractions,

az
then simplify.
5a™ 22 a™  z2
= 5.— . = B5.gm™m.22! = 5.4%-2! = 52
a™z a™  z

In this video we show more examples of how to simplify expressions with zero exponents.

Using the Negative Rule of Exponents

Another useful result occurs if we relax the condition that m > n in the quotient rule even further. For
3

example, can we simplify ﬁ? When m < n—that is, where the difference m — n is negative—we can use
the negative rule of exponents to simplify the expression to its reciprocal.

3
Divide one exponential expression by another with a larger exponent. Use our example, ﬁ

K3 h-h-h

W h-h-h-h-h
KKK

K- K -h-h

1
h-h
1

x

B
If we were to simplify the original expression using the quotient rule, we would have
3
h’_ _ h375
h5
=h2
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EXAMPLE: USING THE ZERO EXPONENT RULE

Simplify each expression using the zero exponent rule of exponents.

4

- (rs?)?

Answer

Use the zero exponent and other rules to simplify each expression.

1 5= 33
: _
—39025 z°
5 -3 z5
=—-3.2%7°
2.
=-3.20
=-3-1
=-3
.Qk 4 .2]{3 4
( . ()J () 5 )3 = ((23 )3+ 3 Use the product rule in the denominator.
J'k) - (7°k J'k
.Qk 4
= (J )4 Simplify.
3. ( j2 k)
= (4 k)4_4 Use the quotient rule.
= (j2k:)0 Simplify.
=1
5(rs?)? -
(rs ) = 5(7"32)2 ? Use the quotient rule.
(rs?)”
4. =5(rs?)° Simplify.
=5-1 Use the zero exponent rule.

Simplify.

TRYIT

Simplify each expression using the zero exponent rule of exponents.

t7
7
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(d62) 11

2(de?)"!

w4 -w2
,w6

3. ¢t

T2

2.

3.

Answer

1.

Eall O M)
el YR

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

The Zero Exponent Rule

Simplify each expression using the rero exponent rule of
exponents. Assume all variables are nonzero

=

THE QUOTIENT (OIVISION) RULE OF EXPOMENTS

IRERN

3 Eed
THE TERO EXPONENT RULE

n
W'=i el |

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

, 1 . ,
Putting the answers together, we have h ™2 = IeR This is true for any nonzero real number, or any variable
representing a nonzero real number.

A factor with a negative exponent becomes the same factor with a positive exponent if it is moved across the

fraction bar—from numerator to denominator or vice versa.
1 1

a"=—anda" = —
am” a "

We have shown that the exponential expression a” is defined when n is a natural number, 0, or the negative
of a natural number. That means that a™ is defined for any integer n. Also, the product and quotient rules
and all of the rules we will look at soon hold for any integer n.

A GENERAL NOTE: THE NEGATIVE RULE OF EXPONENTS



For any nonzero real number a and natural number n, the negative rule of exponents states that
-_n __

1
a "= —anda" =
a” a "

EXAMPLE: USING THE NEGATIVE EXPONENT RULE

Write each of the following quotients with a single base. Do not simplify further. Write answers with
positive exponents.

Answer

03 3—10 -7 1
z7 -z z

1.

TRY IT

Write each of the following quotients with a single base. Do not simplify further. Write answers with
positive exponents.

(—3t)°
(—3)°
f47

f49 . f
2k4

5K7

Answer

1.
(—3¢)°
2. fi
2
5k°

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

Watch this video to see more examples of simplifying expressions with negative exponents.

The Negative Rule|of Exponents

Write each quotient using a single base. Do not simplify further,
Write all answers with positive exponents

o L4 i I
L= A S 4 '

Y 3oLy d-x

10

THE QUGTIENT [ENVISIONG AULE OF EXPONENTS
- b xap

THE NEGATIVE TULE OF EXPONENTS

1
W=

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

EXAMPLE: USING THE PRODUCT AND QUOTIENT RULES

Write each of the following products with a single base. Do not simplify further. Write answers with positive
exponents.

1.2 578
2. (—2)° (—2)°
-7z

(-T2)°

Answer

7z (=T72) (7)1 (L 1
(~72)°  (~72)° S = ) (~72)*
TRY IT

Write each of the following products with a single base. Do not simplify further. Write answers with positive
exponents.
107110
2512
- 2513
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Answer

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

Finding the Power of a Product

To simplify the power of a product of two exponential expressions, we can use the power of a product rule of
exponents, which breaks up the power of a product of factors into the product of the powers of the factors.
For instance, consider (pq)3. We begin by using the associative and commutative properties of multiplication
to regroup the factors.

3 3 factors
(pa)” =(pq) - (pq) - (pa)
:p-q-p-q.p.q
3 factors 3 factors
:p.p.p.q.q.q

In other words, (pg)® = p? - ¢3.

A GENERAL NOTE: THE POWER OF A PRODUCT RULE OF EXPONENTS

For any real numbers a and b and any integer n, the power of a product rule of exponents states that

(ab)" = a"b"

In the following video we show more examples of how to find hte power of a product.

Finding the Power of a Quotient

To simplify the power of a quotient of two expressions, we can use the power of a quotient rule, which states
that the power of a quotient of factors is the quotient of the powers of the factors. For example, let’s look at
the following example.

14
—2 p2\7 /
e = —
() = 4
Let’s rewrite the original problem differently and look at the result.

() = (f—)7

e

f14

el4

It appears from the last two steps that we can use the power of a product rule as a power of a quotient rule.
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EXAMPLE: USING THE POWER OF A PRODUCT RULE

Simplify each of the following products as much as possible using the power of a product rule. Write
answers with positive exponents.

1. (ab?)’

2. (2t)"

3. (—2w3)3

4 1

(=72

5. (6_2 f2)7
Answer
Use the product and quotient rules and the new definitions to simplify each expression.

1. (ab2)3 = (a)®- (b2)3 =al?. %3 = a3’

2. 2115 = (2)'° . (¢)'° = 25415 = 32, 768¢15

3. (-2u*)’ = (=2)° - (uv*)’ = —8-w*? = —8u’
1 1 1

* (—727 DT ()F 2,401
5. (e_2f2)7 _ (6_2)7 . (f2)7 2T f2-7 _ e‘14f14 _ f_14

eld

TRY IT

Simplify each of the following products as much as possible using the power of a product rule. Write
answers with positive exponents.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

-
:

; Simplify each expression

i Lo(ay?)? = e | yy) =X
I it o

[2 @) = (3%): *}i=2

[ 2 (~4p%)

T

(oehy)® = b

THE POWER OF A PRODUCT RULE OF EXPONENTS
THE POWER WULE OF EXPONENTS

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

ey =(4)

€

A GENERAL NOTE: THE POWER OF A QUOTIENT RULE OF EXPONENTS

For any real numbers a and b and any integer n, the power of a quotient rule of exponents states that
n

-5

Simplifying Exponential Expressions
Recall that to simplify an expression means to rewrite it by combing terms or exponents; in other words, to

write the expression more simply with fewer terms. The rules for exponents may be combined to simplify
expressions.

In the following video we show more examples of how to find the power of a quotient.
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EXAMPLE: USING THE POWER OF A QUOTIENT RULE

Simplify each of the following quotients as much as possible using the power of a quotient rule. Write
answers with positive exponents.

()
(3],
()

4. (k%)
5. (m~?n-2)"

—_

N

Answer

2 (t2)27
3\ 4 7 4 3.4 12
. 1\ @ 1 1
5. (m?n7?)" = <m2n2> = (m2n2)3 = (m?) (n2)3 T 23023 mbnb
TRY IT

Simplify each of the following quotients as much as possible using the power of a quotient rule. Write
answers with positive exponents.

10)

4, ( _4q3)8
5. (c*5d73)4

Answer
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-1
" w0

q24

P2
1

c2Odl2

4.

5.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38
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EXAMPLE: SIMPLIFYING EXPONENTIAL EXPRESSIONS

Simplify each expression and write the answer with positive exponents only.

The product rule

The product rule
Simplify.

1. (6m2n_1)3
2.17° 17741773
utv
T
4. (—2a%b7") (5a~20%)
5. (a22)" (2212)
(3u?)’
(6w2)’
Answer
(6m2 _1)3 (6)° (mz) ’ (n_l)3 The power of a product rule
=6>m?3n 13 The power rule
1. = 216m%n=3 Simplify.
216m
= ;n The negative exponent rule
n
17517741770 = 1757478
o =17 Simplify.
' 1 1
= —or — The negative exponent rule
127 2 g p
15\ 2 uty
< v 1v > = ( )2 The power of a quotient rule
v (v1)
u2v?
= 5 The power of a product rule
3. v
=y 2?2 The quotient rule
=u 2t Simplify.
4
= ’U_2 The negative exponent rule
u
4.
(—2a3b_1) (5a_2b2) = —2-5-a%-a2-b71.0?
=—10-a*?-p7'"?
= —10ab
(ac2 ﬂ)4( ) = (z 2 f)4 ! The product rule
3. ( ) Simplify.
=1 The zero exponent rule
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5 5
(Bu)” (3 (v)

= The power of a product rule
(6w2)*  (6)": (w2)”

5,25
= 632 w ™ The power rule
w2
24310
6. _ ﬁ Simplify.
27w10-(-4) .
= The quotient rule and reduce fraction
14
= 27;1] Simplify.

TRY IT

Simplify each expression and write the answer with positive exponents only.

16h'°
© 49

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38

Power of a Quoltient

THE POWWER OF & QUOTIENT BULE OF EXPONENTS
= i 3
B
THE POWER AULE OF EXPONENTS

= " g

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=38
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SCIENTIFIC NOTATION

LEARNING OUTCOMES

« Convert standard notation to scientific notation.
+ Convert from scientific to standard notation.
» Apply scientific notation in an application.

Recall at the beginning of the section that we found the number 1.3 x 10'* when describing bits of
information in digital images. Other extreme numbers include the width of a human hair, which is about
0.00005 m, and the radius of an electron, which is about 0.00000000000047 m. How can we effectively work
read, compare, and calculate with numbers such as these?
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A shorthand method of writing very small and very large numbers is called scientific notation, in which we
express numbers in terms of exponents of 10. To write a number in scientific notation, move the decimal
point to the right of the first digit in the number. Write the digits as a decimal number between 1 and 10.
Count the number of places n that you moved the decimal point. Multiply the decimal number by 10 raised to
a power of n. If you moved the decimal left as in a very large number, n is positive. If you moved the decimal
right as in a small large number, n is negative.

For example, consider the number 2,780,418. Move the decimal left until it is to the right of the first nonzero
digit, which is 2.

6 places left

——

2,780,418 — Z‘M

We obtain 2.780418 by moving the decimal point 6 places to the left. Therefore, the exponent of 10 is 6, and
it is positive because we moved the decimal point to the left. This is what we should expect for a large
number.

2.780418 x 10°

Working with small numbers is similar. Take, for example, the radius of an electron, 0.00000000000047 m.
Perform the same series of steps as above, except move the decimal point to the right.

13 places right

0.00000000000047 —= O_BW(B%?

Be careful not to include the leading 0 in your count. We move the decimal point 13 places to the right, so
the exponent of 10 is 13. The exponent is negative because we moved the decimal point to the right. This is
what we should expect for a small number.

4.7 x 1071

A GENERAL NOTE: SCIENTIFIC NOTATION

A number is written in scientific notation if it is written in the form a x 10", where 1 < |a| < 10 and n is
an integer.

Converting from Scientific to Standard Notation

To convert a number in scientific notation to standard notation, simply reverse the process. Move the
decimal n places to the right if n is positive or n places to the left if n is negative and add zeros as needed.
Remember, if n is positive, the value of the number is greater than 1, and if . is negative, the value of the
number is less than one.

Using Scientific Notation in Applications

Scientific notation, used with the rules of exponents, makes calculating with large or small numbers much
easier than doing so using standard notation. For example, suppose we are asked to calculate the number
of atoms in 1 L of water. Each water molecule contains 3 atoms (2 hydrogen and 1 oxygen). The average
drop of water contains around 1.32 x 10%! molecules of water and 1 L of water holds about 1.22 x 10*
average drops. Therefore, there are approximately 3 - (1.32 x 10%') - (1.22 x 10*) ~ 4.83 x 10% atoms in
1 L of water. We simply multiply the decimal terms and add the exponents. Imagine having to perform the
calculation without using scientific notation!

When performing calculations with scientific notation, be sure to write the answer in proper scientific
notation. For example, consider the product (7 x 10%) - (5 x 10%) = 35 x 10'°. The answer is not in proper
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EXAMPLE: CONVERTING STANDARD NOTATION TO SCIENTIFIC
NOTATION

Write each number in scientific notation.

1. Distance to Andromeda Galaxy from Earth: 24,000,000,000,000,000,000,000 m
2. Diameter of Andromeda Galaxy: 1,300,000,000,000,000,000,000 m

3. Number of stars in Andromeda Galaxy: 1,000,000,000,000

4. Diameter of electron: 0.00000000000094 m

5. Probability of being struck by lightning in any single year: 0.00000143

Answer

1.
24, 000, 000, 000, 000, 000, 000, 000 ™

<22 places

2.4 %102 m

2.
1, 300, 000, 000, 000, 000, 000, 000 m

<21 places

1.3 x 10*' m

3.
1,000, 000, 000, 000

<12 places

1 x 1012

4.
0.00000000000094 m

—6 places

94x10 B m

5.
0.00000143

—6 places

1.43 x 1076

Analysis of the Solution

Observe that, if the given number is greater than 1, as in examples a—c, the exponent of 10 is positive;
and if the number is less than 1, as in examples d—e, the exponent is negative.

TRY IT

Write each number in scientific notation.

1. U.S. national debt per taxpayer (April 2014): $152,000

2. World population (April 2014): 7,158,000,000

3. World gross national income (April 2014): $85,500,000,000,000
4. Time for light to travel 1 m: 0.00000000334 s
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5. Probability of winning lottery (match 6 of 49 possible numbers): 0.0000000715

Answer

1. $1.52 x 10°
2.7.158 x 10°
3. $8.55 x 1013
4.3.34 x107°
5.7.15x 1078

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

EXAMPLE: CONVERTING SCIENTIFIC NOTATION TO STANDARD
NOTATION

Convert each number in scientific notation to standard notation.

1. 3.547 x 10™
2. —2 x 10°
3.7.91 x 107"
4, —8.05 x 10712

Answer

1.

3.547 x 104
3.54700000000000

—14 places

354,700, 000, 000, 000

2.
—2x10°
—2.000000

—6 places

— 2,000, 000

3.
7.91 x 1077

0000007.91

—7 places

0.000000791

4.
—8.05 x 10712

—000000000008.05

—12 places

—0.00000000000805
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TRY IT

Convert each number in scientific notation to standard notation.

1.7.03 x 10°

2. -8.16 x 10"
3.-39x10°8
4,8 x 1076

Answer

. 703,000

. —816, 000, 000, 000
. —0.00000000000039
. 0.000008

A OON =

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

WHAT PROPERTIES OF NUMBERS ENABLE OPERATIONS ON SCIENTIFIC
NOTATION?

In the example above, 3 - (1.32 x 10%!) - (1.22 x 10*) ~ 4.83 x 10%. How are we are able to simply
multiply the decimal terms and add the exponents? What properties of numbers enable this? Recall that
multiplication is both commutative and associative. That means, as long as multiplication is the only
operation being performed, we can move the factors around to suit our needs. Lastly, the product rule for
exponents, a™ - a™ = a™"™", allows us to add the exponents on the base of 10.

(3) - (1.32 x 10%") - (1.22 x 10*) = (3-1.32- 1.22) x (10" - 10%) ~ 4.83 x 10%.

scientific notation because 35 is greater than 10. Consider 35 as 3.5 x 10. That adds a ten to the exponent
of the answer.
(35) x 10" = (3.5 x 10) x 10" = 3.5 x (10 x 10') = 3.5 x 10"

Watch the following video to see more examples of writing numbers in scientific notation.
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EXAMPLE: USING SCIENTIFIC NOTATION

Perform the operations and write the answer in scientific notation.

. (8.14 x1077) (6.5 x 10')

. (4% 10°) + (—1.52 x 10)

- (2.7 x 10%) (6.04 x 10"%)

. (1.2 x 10%) + (9.6 x 10°)

. (3.33 x 10%) (~1.05 x 107) (5.62 x 10°)

O b~ O =

Answer
1.
(8.14 X 1077) (6.5 X 1010) = (8.14 x 6.5) (10*7 X 1010) Commutative and associative properties

= (52.91) (10%) Product rule of exponents
=5.291 x 10* Scientific notation
2.
(4 X 105) = (—1 52 X 109) = 4 1—05 Commutative and associative properties of multij
) ) —1.52 10°
= (—2.63) (107%) Quotient rule of exponents
= —2.63x10°4 Scientific notation
3.
(2.7 x 10%) (6.04 x 10™®) = (2.7 x 6.04) (10° x 10'%) Commutative and associative properties of
= (16.308) (10'%) Product rule of exponents
=1.6308 x 10" Scientific notation
4.
g 5 1.2 (10° : - : -
(1.2 x 10 ) = (9.6 x 10 ) =95 10 Commutative and associative properties of multiplic
= (0.125) (10%) Quotient rule of exponents
= 1.25 x 102 Scientific notation
5.

(3.33 x 10*) (—1.05 x 107) (5.62 x 10°) = [3.33 x (—1.05) x 5.62] (10* x 107 x 10°)
~ (—19.65) (10")
= —1.965 x 10"

|

155
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Example: Rewrite in scientific notation,

15,600,000, 0.0000872
T decimed b
| Places, A% iO

l [ £a 21D

[ 66%\D

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

TRY IT

Perform the operations and write the answer in scientific notation.

1. (=7.5 x 10°) (1.13 x 107?)
2. (1.24 x 10™) + (1.55 x 10'%)
3. (3.72 x 10%) (8 x 10?)

4.(9.933 x 10%) + (—2.31 x 10™)

5. (—6.04 x 10%) (7.3 x 10%) (—2.81 x 10?)

Answer

1. —8.475 x 10°
2.8x 1078
3.2.976 x 10'3
4, —4.3 x 10°
5 ~1.24 x 10"

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39
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EXAMPLE: APPLYING SCIENTIFIC NOTATION TO SOLVE PROBLEMS

In April 2014, the population of the United States was about 308,000,000 people. The national debt was
about $17,547,000,000,000. Write each number in scientific notation, rounding figures to two decimal
places, and find the amount of the debt per U.S. citizen. Write the answer in both scientific and standard
notations.

Answer
The population was 308, 000, 000 = 3.08 x 108.
The national debt was $17, 547, 000, 000, 000 ~ $1.75 x 103,
To find the amount of debt per citizen, divide the national debt by the number of citizens.
(1.75 x 10"%) + (3.08 x 10%) = <£) : (iB)
3.08 108

~ 0.57 x 10°

= 5.7 x 10*
The debt per citizen at the time was about $5.7 x 10*, or $57,000.

TRY IT

An average human body contains around 30,000,000,000,000 red blood cells. Each cell measures
approximately 0.000008 m long. Write each number in scientific notation and find the total length if the
cells were laid end-to-end. Write the answer in both scientific and standard notations.

Answer
Number of cells: 3 x 10%3; length of a cell: 8 x 10~% m; total length: 2.4 x 10® m or 240, 000, 000 m.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=39
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SUMMARY: EXPONENTS AND SCIENTIFIC
NOTATION

Key Equations

Rules of Exponents

For nonzero real numbers a and b and integers m and n

Product rule
Quotient rule

Power rule

Zero exponent rule
Negative rule
Power of a product rule

Power of a quotient rule

Key Concepts

Glossary

a® =1

_ 1

a n:a_n
(@a-b)" =a™-b"

Products of exponential expressions with the same base can be simplified by adding exponents.
Quotients of exponential expressions with the same base can be simplified by subtracting exponents.
Powers of exponential expressions with the same base can be simplified by multiplying exponents.
An expression with exponent zero is defined as 1.
An expression with a negative exponent is defined as a reciprocal.

The power of a product of factors is the same as the product of the powers of the same factors.
The power of a quotient of factors is the same as the quotient of the powers of the same factors.
The rules for exponential expressions can be combined to simplify more complicated expressions.
Scientific notation uses powers of 10 to simplify very large or very small numbers.

Scientific notation may be used to simplify calculations with very large or very small numbers.

scientific notation a shorthand notation for writing very large or very small numbers in the form a x 10™

where 1 < |a| < 10 and n is an integer
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INTRODUCTION TO RADICALS AND
RATIONAL EXPONENTS

By the end of this section, you will be able to:

« Evaluate square roots.

» Use the product rule to simplify square roots.
Use the quotient rule to simplify square roots.
Add and subtract square roots.

Rationalize denominators.

Use rational roots.

A hardware store sells 16-ft ladders and 24-ft ladders. A window is located 12 feet above the ground. A
ladder needs to be purchased that will reach the window from a point on the ground 5 feet from the building.
To find out the length of ladder needed, we can draw a right triangle as shown in Figure 1, and use the
Pythagorean Theorem.
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12 feet

5 feet

Figure 1
a2 —l—b2 2
52 4122 = ¢?
169 = ¢?

I
Q

Now we need to find out the length that, when squared, is 169, to determine which ladder to choose. In other
word we need to find a square root. In this section we will investigate methods of finding solutions to
problems such as this one.
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EVALUATE AND SIMPLIFY SQUARE ROOTS

LEARNING OUTCOMES

« Evaluate principal square roots.
» Use the product rule to simplify square roots.
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When the square root of a number is squared, the result is the original number. Since 42 = 16, the square
root of 16 is 4. The square root function is the inverse of the squaring function just as subtraction is the
inverse of addition. To undo squaring, we take the square root.

In general terms, if a is a positive real number, then the square root of a is a number that, when multiplied by
itself, gives a. The square root could be positive or negative because multiplying two negative numbers
gives a positive number. The principal square root is the nonnegative number that when multiplied by itself
equals a. The square root obtained using a calculator is the principal square root.

The principal square root of a is written as ,/a. The symbol is called a radical, the term under the symbol is
called the radicand, and the entire expression is called a radical expression.

Radical
@% Radicand
Radical expression

A GENERAL NOTE: PRINCIPAL SQUARE ROOT

The principal square root of a is the nonnegative number that, when multiplied by itself, equals a. It is
written as a radical expression, with a symbol called a radical over the term called the radicand: /a.

Q&A
DOES /25 = +57?

No. Although both 52 and (—5)2 are 25, the radical symbol implies only a nonnegative root, the principal
square root. The principal square root of 25 is /25 = 5.

EXAMPLE: EVALUATING SQUARE ROOTS

Evaluate each expression.

10

rwODN -~
Sw5s
|
S
| ;
=
N
=~

V8l

Answer

100 = 10 because 102 = 100

V16 = /4 = 2 because 4> = 16 and 22 = 4

5 + 144 = /169 = 13 because 132 = 169

9 — /81 =7—9= —2because 72 = 49 and 9°> = 81

AwN -~
ﬁﬁ
NES

Q&A

FOR /25 + 144, CAN WE FIND THE SQUARE ROOTS BEFORE ADDING?

100




No. /25 + /144 = 5 + 12 = 17. This is not equivalent to /25 + 144 = 13. The order of operations
requires us to add the terms in the radicand before finding the square root.

TRY IT

Evaluate each expression.

1. /225

2. \/+/81
3.25—-9

4. /36 + /121

Answer

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=42

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=42

Use the Product Rule to Simplify Square Roots

To simplify a square root, we rewrite it such that there are no perfect squares in the radicand. There are
several properties of square roots that allow us to simplify complicated radical expressions. The first rule we
will look at is the product rule for simplifying square roots, which allows us to separate the square root of a
product of two numbers into the product of two separate rational expressions. For instance, we can rewrite
v/15 as +/3 - 4/5. We can also use the product rule to express the product of multiple radical expressions as
a single radical expression.

A GENERAL NOTE: THE PRODUCT RULE FOR SIMPLIFYING SQUARE
ROOTS

If @ and b are nonnegative, the square root of the product ab is equal to the product of the square roots of a

and b.
Vab = Va Vb

HOW TO: GIVEN A SQUARE ROOT RADICAL EXPRESSION, USE THE
PRODUCT RULE TO SIMPLIFY IT.

1. Factor any perfect squares from the radicand.
2. Write the radical expression as a product of radical expressions.
3. Simplify.
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RECALL PRIME FACTORIZATION

It can be helpful, when simplifying square roots, to write the radicand as a product of primes in order to
find perfect squares under the radical.

Example. /288 = +1/2-32.42 = 3.4.42 = 12V2.

EXAMPLE: USING THE PRODUCT RULE TO SIMPLIFY SQUARE ROOTS

Simplify the radical expression.

1. /300
2. 1/162a5b*

Answer

1.
4/100-3 Factor perfect square from radicand.

v/100 - /3 Write radical expression as product of radical expressions.
104/3 Simplify.

2.
\/ 81a*b? - 2a Factor perfect square from radicand.

\/ 81la'd? - v/2a Write radical expression as product of radical expressions.
9a2b%1/2a Simplify.

TRY IT
Simplify /50x2y> 2.

Answer
5|z||y|+/2yz. Notice the absolute value signs around x and y? That’s because their value must be
positive!

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=42

HOW TO: GIVEN THE PRODUCT OF MULTIPLE RADICAL EXPRESSIONS,
USE THE PRODUCT RULE TO COMBINE THEM INTO ONE RADICAL
EXPRESSION.

1. Express the product of multiple radical expressions as a single radical expression.
2. Simplify.

Using the Quotient Rule to Simplify Square Roots

Just as we can rewrite the square root of a product as a product of square roots, so too can we rewrite the
square root of a quotient as a quotient of square roots, using the quotient rule for simplifying square roots. It
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EXAMPLE: USING THE PRODUCT RULE TO SIMPLIFY THE PRODUCT OF
MULTIPLE SQUARE ROOTS

Simplify the radical expression.

V12 -4/3
Answer
V123 Express the product as a single radical expression.
V36 Simplify.
6
TRY IT
Simplify 4/50x - /22 assuming z > 0.
Answer
10z

Because x > 0, we do not need an absolute values.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=42

can be helpful to separate the numerator and denominator of a fraction under a radical so that we can take

their square roots separately. We can rewrite é as %
A GENERAL NOTE: THE QUOTIENT RULE FOR SIMPLIFYING SQUARE
ROOTS
The square root of the quotient % is equal to the quotient of the square roots of a and b, where b # 0.
ﬁ _ Ve
b Vb
HOW TO: GIVEN A RADICAL EXPRESSION, USE THE QUOTIENT RULE TO
SIMPLIFY IT.

1. Write the radical expression as the quotient of two radical expressions.
2. Simplify the numerator and denominator.

RECALL SIMPLIFYING FRACTIONS

To simplify fractions, find common factors in the numerator and denominator that cancel.

Z-2-2-3 3 3

2
Example: - = -2 2

32 727222 2.2 4
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EXAMPLE: USING THE QUOTIENT RULE TO SIMPLIFY SQUARE ROOTS

Simplify the radical expression.

ﬁ Write as quotient of two radical expressions.
v/ 36
V5

6

Simplify denominator.

TRY IT

2 2
Simplify 9i4.
\/ 9y

Answer

zV/2

EWOR We do not need the absolute value signs for y? because that term will always be nonnegative.
Y

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=42

EXAMPLE: USING THE QUOTIENT RULE TO SIMPLIFY AN EXPRESSION
WITH TWO SQUARE ROOTS

Simplify the radical expression.

\/234zxy
\/ 2627y

Answer
234z y . . . . .
2627y Combine numerator and denominator into one radical expression.
\/ 9z Simplify fraction.
322 Simplify square root.
TRY IT
9a°b™*
Simplify L
v/ 3a*b®
Answer
b*v/3ab
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=42

In the following video you will see more examples of how to simplify radical expressions with variables.

| 1 Simplify Square Roots with Variahles

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=42
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OPERATIONS ON SQUARE ROOTS

LEARNING OUTCOMES

+ Add and subtract square roots.
+ Rationalize denominators.

We can add or subtract radical expressions only when they have the same radicand and when they have the
same radical type such as square roots. For example, the sum of /2 and 31/2 is 41/2. However, it is often
possible to simplify radical expressions, and that may change the radicand. The radical expression 4/I8 can
be written with a 2 in the radicand, as 31/2, S0 /2 + v/18 = v/2 + 3v/2 = 4+/2.

HOW TO: GIVEN A RADICAL EXPRESSION REQUIRING ADDITION OR
SUBTRACTION OF SQUARE ROOTS, SOLVE.
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1. Simplify each radical expression.
2. Add or subtract expressions with equal radicands.

EXAMPLE: ADDING SQUARE ROOTS
Add 5/12 + 2+/3.

Answer
We can rewrite 54/12 as 51/4 - 3. According the product rule, this becomes 51/41/3. The square root of

V4 is 2, so the expression becomes 5 (2) 1/3, which is 104/3. Now we can the terms have the same
radicand so we can add.

10v/3 4+ 2v/3 =123

TRY IT
Add /5 + 6+/20.
Answer
135

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=43

Watch this video to see more examples of adding roots.

Adding Radicals Requiring Simplification

Add

1. 2VIB 450

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=43

in the next video we show more examples of how to subtract radicals.

Rationalize Denominators

When an expression involving square root radicals is written in simplest form, it will not contain a radical in
the denominator. We can remove radicals from the denominators of fractions using a process called
rationalizing the denominator.

We know that multiplying by 1 does not change the value of an expression. We use this property of
multiplication to change expressions that contain radicals in the denominator. To remove radicals from the
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EXAMPLE: SUBTRACTING SQUARE ROOTS
Subtract 20v/72a3b%c — 141/8a3be.

Answer
Rewrite each term so they have equal radicands.

20v/72a%% = 20,82y yav/a? [ (1) /e
=20 (3) (2) ab®*\/2ac
= 120ab®y/2ac

14v/8ae = 14v/2vay/av/a? |/ ()" Ve
= 14(2) ab*\/2ac
= 28&62\/20,@

Now the terms have the same radicand so we can subtract.

120ab*v/2ac — 28ab*v/2ac = 92ab*+/2ac

Note that we do not need an absolute value around the a because the a® under the radical means that a
can’t be negative.

TRY IT
Subtract 31/80z — 4+/45z.
Answer
0

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=43

Subtracting Radicals

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=43

RECALL THE IDENTITY PROPERTY OF ADDITION
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We leverage an important and useful identity in this section in a technique commonly used in college
algebra:
rewriting an expression by multiplying it by a well-chosen form of the number 1.

Because the additive identity states that a - 1 = a, we are able to multiply the top and bottom of any
fraction by the same number without changing its value. We use this idea when we rationalize the
denominator.

denominators of fractions, multiply by the form of 1 that will eliminate the radical.

For a denominator containing a single term, multiply by the radical in the denominator over itself. In other

words, if the denominator is by/c, multiply by —Z

Je

For a denominator containing the sum or difference of a rational and an irrational term, multiply the
numerator and denominator by the conjugate of the denominator, which is found by changing the sign of the
radical portion of the denominator. If the denominator is a + b,/c, then the conjugate is a — b,/c.

HOW TO: GIVEN AN EXPRESSION WITH A SINGLE SQUARE ROOT
RADICAL TERM IN THE DENOMINATOR, RATIONALIZE THE
DENOMINATOR.

1. Multiply the numerator and denominator by the radical in the denominator.
2. Simplify.

EXAMPLE: RATIONALIZING A DENOMINATOR CONTAINING A SINGLE
TERM

Write 2\/3

in simplest form.
Answer

- . . . . v/ 10 N
The radical in the denominator is 41/10. So multiply the fraction by —10 Then simplify.

23 VIO _ 230

3v10 10 30
V30
- 15
TRY IT
Write 12v3 in simplest form.
V2
Answer
6+/6

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=43
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HOW TO: GIVEN AN EXPRESSION WITH A RADICAL TERM AND A
CONSTANT IN THE DENOMINATOR, RATIONALIZE THE DENOMINATOR.

1. Find the conjugate of the denominator.

2. Multiply the numerator and denominator by the conjugate.
3. Use the distributive property.

4. Simplify.

EXAMPLE: RATIONALIZING A DENOMINATOR CONTAINING TWO TERMS

4
Write in simplest form.
1++/5

Answer
Begin by finding the conjugate of the denominator by writing the denominator and changing the sign. So

1—+/5
the conjugate of 1 4 /5 is 1 — 4/5. Then multiply the fraction by N g
4 1—+/5 4—4+/5

= Use the distributive property.

1+v5 1-v5 4

=+v5-1 Simplify.
TRY IT
Write 7 in simplest form
2++3 '
Answer
14-17/3

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=43

Examples: Rationalize Deénominators

2 {(3-87)

(3+v7) ‘(3:17)

e deanlT
® 4 5 T - D

—esal7

2

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=43
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NTH ROOTS AND RATIONAL EXPONENTS

LEARNING OUTCOMES

» Simplify Nth roots.
+ Write radicals as rational exponents.

RECALL: OPERATIONS ON FRACTIONS

When simplifying handling nth roots and rational exponents, we often need to perform operations on
fractions. It’s important to be able to do these operations on the fractions without converting them to
decimals. Recall the rules for operations on fractions.

» To multiply fractions, multiply the numerators and place them over the product of the denominators.
a ¢ ac

b d bd
» To divide fractions, multiply the first by the reciprocal of the second.
a ¢ a d ad

b d b ¢ bc
» To simplify fractions, find common factors in the numerator and denominator that cancel.
24 2-2-2-3 3 3
32 2.2.2.2.2 2.2 4
» To add or subtract fractions, first rewrite each fraction as an equivalent fraction such that each has a
common denominator, then add or subtract the numerators and place the result over the common

denominator.

a c ad =+ be
PTdT  bd

Using Rational Roots

Although square roots are the most common rational roots, we can also find cube roots, 4th roots, 5th roots,
and more. Just as the square root function is the inverse of the squaring function, these roots are the inverse
of their respective power functions. These functions can be useful when we need to determine the number
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that, when raised to a certain power, gives a certain number.
Suppose we know that a® = 8. We want to find what number raised to the 3rd power is equal to 8. Since
23 = 8, we say that 2 is the cube root of 8.

The nth root of a is a number that, when raised to the nth power, gives a. For example, —3 is the 5th root of
—243 because (—3)5 = —243. If a is a real number with at least one nth root, then the principal nth root of
a is the number with the same sign as a that, when raised to the nth power, equals a.

The principal nth root of a is written as +/a, where n is a positive integer greater than or equal to 2. In the
radical expression, n is called the index of the radical.

A GENERAL NOTE: PRINCIPAL NTH ROOT

If a is a real number with at least one rith root, then the principal nth root of a, written as y/a, is the

number with the same sign as a that, when raised to the nth power, equals a. The index of the radical is
n.

EXAMPLE: SIMPLIFYING NTH ROOTS

Simplify each of the following:

1. 5/=32
2. V4. /1,024

[ 86
R 3 —_—
3. 125
4. 8vy/3 — /48
Answer

1. /=32 = —2 because (—2)° = —32

2. First, express the product as a single radical expression. /4,096 = 8 because 8* = 4,096

—+/8z6
3. V125
—2z2
)

Write as quotient of two radical expressions.

Simplify.

4. 8y/3—2/3 Simplify to get equal radicands.
6:/3 Add.

TRY IT

Simplify.
1. /—216
3v/80

V5
3. 6+/9,000 + 7/576

Answer
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=44

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=44

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=44

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=44

Using Rational Exponents

Radical expressions can also be written without using the radical symbol. We can use rational (fractional)
exponents. The index must be a positive integer. If the index n is even, then a cannot be negative.

a%:W

We can also have rational exponents with numerators other than 1. In these cases, the exponent must be a
fraction in lowest terms. We raise the base to a power and take an nth root. The numerator tells us the
power and the denominator tells us the root.

ot = (Ya)" = v/a"

All of the properties of exponents that we learned for integer exponents also hold for rational exponents.

RATIONAL EXPONENTS

Rational exponents are another way to express principal nth roots. The general form for converting
between a radical expression with a radical symbol and one with a rational exponent is

a’n = ({‘/E)m =/a™

HOW TO: GIVEN AN EXPRESSION WITH A RATIONAL EXPONENT, WRITE
THE EXPRESSION AS A RADICAL.

1. Determine the power by looking at the numerator of the exponent.
2. Determine the root by looking at the denominator of the exponent.
3. Using the base as the radicand, raise the radicand to the power and use the root as the index.

Watch this video to see more examples of how to write a radical with a fractional exponent.
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EXAMPLE: WRITING RATIONAL EXPONENTS AS RADICALS

Write 3435 as a radical. Simplify.

Answer

The 2 tells us the power and the 3 tells us the root.

3435 = (v/343)° = /3437

We know that v/343 = 7 because 7% = 343. Because the cube root is easy to find, it is easiest to find the

cube root before squaring for this problem. In general, it is easier to find the root first and then raise it to a
power.

3431 = (v/343)" =72 = 49

TRYIT

Write 95 as a radical. Simplify.
Answer

(v9)* =3° =243

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=44

EXAMPLE: WRITING RADICALS AS RATIONAL EXPONENTS

Write

= using a rational exponent.

Answer
2 4
The power is 2 and the root is 7, so the rational exponent will be r We get —-. Using properties of
a7

—2
exponents, we get =4q77 .

7
a?

TRY IT

Write x4/ (5y)9 using a rational exponent.

Answer
z(5y)

9
2
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Examples: Write each radical expression using
rational exponents

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=44

EXAMPLE: SIMPLIFYING RATIONAL EXPONENTS

Answer

1.

30zizs Multiply the coefficients.
30253 Use properties of exponents.
30z % Simplify.

2.

9\:2
<E> Use definition of negative exponents.

9 . .

16 Rewrite as a radical.
ngﬁ Use the quotient rule.
% Simplify.

TRY IT
Simplify (8z) 7 (1490%)

Answer
23
282 15
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VY
2

Yy 5

Answer

Simplify

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=44
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SUMMARY: RADICALS AND RATIONAL
EXPONENTS

Key Concepts

» The principal square root of a number a is the nonnegative number that when multiplied by itself equals
a.

« If a and b are nonnegative, the square root of the product ab is equal to the product of the square roots
of a and b

« If a and b are nonnegative, the square root of the quotient % is equal to the quotient of the square roots
ofaand b

+ We can add and subtract radical expressions if they have the same radicand and the same index.

» Radical expressions written in simplest form do not contain a radical in the denominator. To eliminate
the square root radical from the denominator, multiply both the numerator and the denominator by the
conjugate of the denominator.

» The principal nth root of a is the number with the same sign as a that when raised to the nth power
equals a. These roots have the same properties as square roots.

+ Radicals can be rewritten as rational exponents and rational exponents can be rewritten as radicals.

* The properties of exponents apply to rational exponents.

Glossary

index the number above the radical sign indicating the nth root

principal nth root the number with the same sign as a that when raised to the nth power equals a
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principal square root the nonnegative square root of a number a that, when multiplied by itself, equals a

radical the symbol used to indicate a root
radical expression an expression containing a radical symbol

radicand the number under the radical symbol
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PUTTING IT TOGETHER: ALGEBRA

ESSENTIALS

At the beginning of this module, you read that mathematics is the
language of science. You also discovered that additional numbers were
developed to deal with real-world applications, including the existence of
nothing and debt. Fortunately, the sets and the formats of numbers has
continued to develop so that scientists and other researchers have the
mathematical tools they need to investigate the natural world.

It just so happens that you need a specific number format to describe
the light you are using to read these words—scientific notation. Light is a
form of energy transferred as an electromagnetic (EM) wave. X-rays,
microwaves, and radio waves are other forms of EM waves. They are
differentiated by their properties of wavelength, which is the distance
from one part of a wave to the same part of the next wave, and
frequency, which is the number of waves that pass a point in a given
amount of time. The arrangement of EM waves in order of wavelength
and frequency is known as the electromagnetic spectrum. You can see
from this example, that visible light makes up only a very small portion of
the spectrum.

So what is the difference between blue light and red light? If you look at
the diagram, you see that blue light is labeled at about 420 nanometers
(nm). Writing this out as meters gives 4.20 x 10~ 'm —that’s really
small. Red light, meanwhile, is about 700nm or (7.0 x 10*7)m. That
small difference has a huge impact on what you see.

i
v arsrh

The electromagnetic spectrum with the
visible light range enlarged.

The interesting thing about EM waves is that they all travel at the same speed in the vacuum of space—
3.0 x 108m/s. So you can calculate either wavelength or frequency if you know the other.
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v = speed (velocity)
f = frequency
A = wavelength

For example, let’s find the frequency of red light with a wavelength of 7.0 x 10~ "m. First, rearrange to
formula to solve for frequency. Then substitute in the given information.

v
=X
3.0 x 105m/s Hertz
7.0x107"m
=4.0 x 10571

You can see that wavelength and frequency are inversely related. So blue light, which has a smaller
wavelength than red light, will have a greater frequency if traveling at the same speed.

So what does it matter if you can calculate the frequency of light? It just so happens that you may be able to
predict the future of the universe! If a wave is produced by one object and observed by another, the
frequency of the wave changes if either the source of the wave or the observer move relative to the other.
This is true for sound waves as well, and you may already be familiar with this phenomenon if you have
listened to a siren or train whistle as it approaches and passes you. When it comes to sound, frequency
determines pitch so the sound gets higher as it approaches and lower as it moves away. This is known as
the Doppler effect.

Now back to the universe. Objects in the universe, such as stars, give off light. Suppose you are an
astronomer on Earth. If the source of light is moving toward Earth, the frequency of the light will increase. An
increase in frequency means that it shifts toward the blue end of the spectrum, and is appropriately known
as a blueshift. If the source of light is moving away from Earth, the frequency will decrease and shifts toward
the red end of the spectrum. This shift, as you may have guessed, is a redshift.

Astronomers have used their understanding of the Doppler effect to make measurements regarding light
from distant galaxies. As a result, they have learned that galaxies are moving apart from one another and
the universe is expanding. Furthermore, the speed at which an object moves away is proportional to its
distance. Because of the tremendous distances in space and the fast speed of light, none of this would be
possible without being able to use formulas involving scientific notation.
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MODULE 2: POLYNOMIAL AND
RATIONAL EXPRESSIONS

WHY IT MATTERS: POLYNOMIALS AND
RATIONAL EXPRESSIONS

What are Polynomials and Rational
Expressions Used For?

In economics we learn that profit is the difference between revenue
(money coming in) and costs (money going out). Positive profit means
that there is a net inflow of money, while negative profit means that
money is being lost.

. Arrangement of US currency; money
Suppose that you own a company that manufactures and sells furniture.  serves as a medium of financial exchange

A particular chair sells for $40. If your company builds and sells 500 of in economics.

these chairs in one month, then your monthly revenue would be

$20,000. In general, if you manufacture and sell z chairs, then the revenue R, in dollars, would be given by
the formula:

R =40z

Now let’s talk about costs. Let’s say it costs $10,000 each month just to keep the factory open, regardless of
how many chairs are produced. This amount might include the electric and gas bills as well as the monthly
paychecks for each of your employees. These costs, which do not depend on the number of items
produced, are called the overhead or fixed costs. Furthermore, suppose the materials cost $25 per chair.
That means that if we produced z chairs, then the total cost for materials would be $25z. The costs which
vary based on the number of items produced are called variable costs. Together, with the overhead, we can
derive a total estimated cost formula.

C = (overhead) + (variable costs) = 10,000 + 25z

Both formulas for revenue and cost are examples of polynomials. In fact both polynomials are what we call
degree 1, or linear polynomials, because the variable = only occurs with exponent 1. What is the profit
formula? Simply subtract the two expressions (Profit = Revenue — Costs), to find:

P=R-C

P = (40z) — (10,000 + 25z)

P =40z — 10,000 — 25z
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P =152 — 10,000
Will your company make money if it manufactures and sells 500 chairs? What about 800 chairs?

Now imagine that your small company has received more and more business over the past few months.
You're producing so many chairs that you had to hire new employees, purchase new trucks and even plan
for a larger factory. Those costs are adding up!

After carefully analyzing monthly expenses, you estimate the additional costs (above and beyond the
overhead and variable costs) to be modeled by a degree 2 (or quadratic) term, 0.001z2. Here are your new
cost and profit formulas:

C = 10,000 + 15z + 0.001z2
P = 40z — (10,000 + 25z + 0.001z?) = —0.001z? + 15z — 10, 000
These new formulas are also polynomials, but they behave differently than the

previous formulas for large values of x.

\
“:T:—\ Finally, let's suppose you want to find out whether it is still cost-effective to produce
ull your $40 chairs in mass quantities. Perhaps the best way to find out is to
‘f,“_ % determine the average profit when x chairs are manufactured and sold. As
1] always, an average is equal to the total amount (P, for profit in this case) divided

by the number of items (z).

P __ —0.001z2+152z—10,000
x x

This time, the formula for average profit is no longer a polynomial, but a rational
expression, which is a ratio of two polynomials.

In this module you’ll learn how to classify and perform algebraic operations on polynomials and rational
expressions. We will check back in on our company’s profits at the end of the module.

LEARNING OUTCOMES

Review Topics for Success

« |dentify and evaluate polynomials.

» Find the greatest common factor of a list of expressions.
» Find the greatest common factor of a polynomial.

» Define and simplify rational expressions.

Polynomial Basics

« Identify the degree, leading coefficient, and leading term of a polynomial.
Add and subtract polynomials.

Multiply polynomials.

Square a binomial.

Find a difference of squares.

Perform operations on polynomials with several variables.

Factoring Polynomials

Identify and factor the greatest common factor of a polynomial.
Factor a trinomial with leading coefficient 1.

Factor by grouping.

Factor a perfect square trinomial.

Factor a difference of squares.

Factor a sum and difference of cubes.
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» Factor an expression with negative or fractional exponents.

Rational Expressions

» Simplify rational expressions.

Multiply and divide rational expressions.

Find the least common denominator of two rational expressions.
Add and subtract rational expressions.

Simplify complex rational expressions.
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REVIEW TOPICS FOR SUCCESS

By the end of this section, you will be able to:

« |dentify polynomial expressions

« Evaluate polynomial expressions

» Find the greatest common factor of a list of expressions
+ Find the greatest common factor of a polynomial

+ Recognize and define a rational expression

» Determine the domain of a rational expression

» Simplify a rational expression

Before we can perform algebraic operations on polynomials and rational expressions, we need to be able to
recognize and define these objects. We’'ll also need to review some skills that make our work on these
expressions possible.

We’ve already seen how finding the least common multiple makes it possible to do addition and subtraction
on fractions. The greatest common factor is another object we can find that makes it possible to work with
polynomial expressions in useful ways. Finally, we’ll extend our knowledge of fractions as ratios of
expressions by defining and simplifying rational expressions.

Warm up for this module by refreshing these important concepts and skills. As you study these review
topics, recall that you can also return to Module 1 Algebra Essentials any time you need to refresh the
basics.

RECALL FOR SUCCESS

Look for red boxes like this one throughout the text. They’ll show up just in time to give helpful reminders
of the math you’ll need, right where you’ll need it.
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IDENTIFY AND EVALUATE POLYNOMIALS

« |dentify a polynomial
« Evaluate a polynomial for given values

A polynomial is an expression consisting of a sum or difference of terms in which each term consists of
a real number, a variable, or the product of a real number and one or more variables with non-negative
integer exponents. Non negative integers are 0,1, 2, 3,4, ...

|dentify a polynomial

The following table is intended to help you tell the difference between what is a polynomial and what is not.

IS a Is NOT a Because
Polynomial Polynomial
22 — %a: -9 % +x Polynomials only have variables in the numerator
% -y % +4 Polynomials only have variables in the numerator
Roots are equivalent to rational exponents, and polynomials only have
V12 (a)+9  a+7

integer exponents

The basic building block of a polynomial is a monomial. A monomial is one term and can be a number, a

variable, or the product of a number and variables with an exponent. The number part of the term is called
the coefficient.

coefficient exponent
Na g
6x
variable

A polynomial containing two terms, such as 2z — 9, is called a binomial. A polynomial containing three
terms, such as —3xz2 + 8z — 7, is called a trinomial.

We can find the degree of a polynomial by identifying the highest power of the variable that occurs in the
polynomial. The term with the highest degree is called the leading term because it is usually written first.
The coefficient of the leading term is called the leading coefficient. When a polynomial is written so that the

powers are descending, we say that it is in standard form. It is important to note that polynomials only have
integer exponents.
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/ Degree = 3
Leading _.,4}{3 — 9%2 + bX

Coefficient = 4
| . |

Polynomial

EXAMPLE

Which of the following expressions is a polynomial? Select all that apply.

1.3 2
1. -5 + 5+ 2x

1
2. 5x7 — 2x% + Tx

3.7p—ptt —1
4.z +23 -9
Answer

1. — 3523 + 5 + 2z% is a polynomial.

2. 5xr — 228 + 7z is not a polynomial because it contains a non-integer exponent.
3. 7p — p'' — 1 is a polynomial.

4. x~1 + 23 — 9is not a polynomial because it contains a negative exponent.

The table below illustrates some examples of monomials, binomials, trinomials, and other polynomials. They
are all written in standard form.

Monomials Binomials Trinomials Other Polynomials

15 3y+ 13 22 —z2+1 5z% 4+ 323 — 622 + 2z

%m 4p — 7 32% 42z — 9 s2° — 2zt 4+ 22% — 2 44z - 2
—4y° 327 + 2z 3y +y* —2 3t —3t2 -3t —3

16n4 14y3 + 3y a’” + 2a® — 3a® q"+2¢° —3¢° +¢q

When the coefficient of a polynomial term is 0, you usually do not write the term at all (because 0 times
anything is 0, and adding 0 doesn’t change the value). The last binomial above could be written as a
trinomial, 14y + 0y? + 3.

A term without a variable is called a constant term, and the degree of that term is 0. For example 13 is the
constant term in 3y -+ 13. You would usually say that 14y® 4 3y has no constant term or that the constant
termis 0.

The following video illustrates how to identify which expressions are polynomials.

Evaluate a polynomial

You can evaluate polynomials just as you can other kinds of expressions. To evaluate an expression for a
value of the variable, you substitute the value for the variable every time it appears. Then use the order of
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i Polynomials in One Variable

Determine if each expression is a polynomial, If it s 3 polynamial
|| categorize it a5 @ monomial, binomial, or trinomial

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=50

operations to find the resulting value for the expression.

Evaluate 3z — 2z + 1 forz = —1.

Answer

Substitute —1 for each x in the polynomial.

3(—1)? —2(-1)+1

Following the order of operations, evaluate exponents first.
3(1)—2(-1)+1

Multiply 3 times 1, and then multiply —2 times —1.

3+ (-2)(-1)+1

Change the subtraction to addition of the opposite.
3+2+1

Find the sum.

Answer

322 —2x+1=6,forz=—1

Evaluate —§p4 +23 —pforp=3.
Answer

Substitute 3 for each p in the polynomial.

—%(3)4 +2(3)° -3

Following the order of operations, evaluate exponents first and then multiply.
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—%(81)%—2(27) 3

Add and then subtract to get —3.
—54 +54-3

Answer

2
—§p4+2p3—p:—3,forp:3

In the following video we show more examples of evaluating polynomials for given values of the variable.

Evaluate a Polynomial in One Variable

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=50
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GREATEST COMMON FACTOR

LEARNING OUTCOMES

» Find the greatest common factor of a list of expressions
» Find the greatest common factor of a polynomial

Factors are the building blocks of multiplication. They are the numbers that you can multiply together to
produce another number. For example, 2 and 10 are factors of 20, as are 4, 5, 1, 20. To factor a number is to
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rewrite it as a product. 20 =4 -5 or 20 = 1 - 20. In algebra, we use the word factor as both a noun —
something being multiplied — and as a verb — the action of rewriting a sum or difference as a
product. Factoring is very helpful in simplifying expressions and solving equations involving polynomials.

The greatest common factor (GCF) of two numbers is the largest number that divides evenly into both
numbers: 4 is the GCF of 16 and 20 because it is the largest number that divides evenly into both 16 and 20.
The GCF of two or more algebraic expressions works the same way: 4z is the GCF of 16z and 202>
because it is the largest algebraic expression that divides evenly into both 16z and 20z2.

Find the GCF of a list of algebraic expressions

We begin by finding the GCF of a list of numbers, then we’ll extend the technique to monomial expressions
containing variables.

A good technique for finding the GCF of a list of numbers is to write each number as a product of its prime
factors. Then, match all the common factors between each prime factorization. The product of all the
common factors will build the greatest common factor.

EXAMPLE

Find the greatest common factor of 24 and 36.
Answer

24 36
Step 1: Factor each /\ /\
6 6

coefficient into primes.

Write all variables with  Factor 24 and 36. 4 6
exponents in expanded /\ /\ /\ /\
form.

@ 00 66 G O

Step 2: List all factors— 24=2.2.2-3
matchln_g common 36=2.2. 3.3
factors in a column.
24 ="'5"|| 2| 2. |."§"'-.|

In each column, circle Circle the 2,2, and 3 36=12/2)- 133

that are shared by both VY Y
the common factors.

numbers. GCF=2.2. 3

GCF=12

Step 3: Bring down the
common factors that all
expressions share.

Bring down the 2,2, 3
and then multiply.

Step 4: Multiply the

The GCF of 24 and 36 is 12.
factors.

Notice that since the GCF is a factor of both numbers, 24 and 36 can be written as multiples of 12.
24=12-2
36 =12-3

Here’s a summary of the technique.
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FIND THE GREATEST COMMON FACTOR

1. Factor each coefficient into primes. Write all variables with exponents in expanded form.

2. List all factors—matching common factors in a column. In each column, circle the common factors.
3. Bring down the common factors that all expressions share.

4. Multiply the factors.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=51

In the previous example, we found the greatest common factor of a list of constants. The greatest common
factor of an algebraic expression can contain variables raised to powers along with coefficients.

To find the GCF of an expression containing variable terms, first find the GCF of the coefficients, then find
the GCF of the variables. The GCF of the variables will be the smallest degree of each variable that appears
in each term. Here’s an example using the matching method from the example above.

EXAMPLE
Find the greatest common factor of 5z and 15.
Answer
Solution
Factor each number into primes. 5x= |"3\'.‘x
Circle the common factors in each column. 15=3.\5)-

Bring down the common factors. GCF= 5

The GCF of 5z and 15 is 5.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=51

In the examples so far, the GCF was a constant. In the next two examples we will get variables in the
greatest common factor.

Here are some examples of finding the GCF of a list of more than two expressions.

The common-factor matching method works well for finding the GCF of the coefficients, but when finding the
GCF of the variables, you may have noticed that we can simply select the smallest power of a variable that
appears in each term.
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EXAMPLE

Find the greatest common factor of 122 and 18z3.

Answer
Solution
Factor .each co.eff|0|ent into plflmes and write 122<B\ 2B L
the variables with exponents in expanded form. 183 =||2||‘ I@'_ 3t xhx
\'u’l 'u \V.l

Circle the common factors in each column.
Bring down the common factors.
Multiply the factors.

GCF=2- 3- =x-x
GCF = 6x2

The GCF of 1222 and 18z is 6z2

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=51

EXAMPLE

Find the greatest common factor of 14z3, 8z2, 10z.

Answer

Solution
Factor .each cogfflment into prlmes and write 145 = 7 Rxex
the variables with exponents in expanded form. 82 =|2:_ 2.9. |x|_x
Circle the common factors in each column. 10x="2/- 5. \xf
Bring down the common factors. GCF=2. x

GCF=2x

Multiply the factors.
The GCF of 1423 and 822 and 10z is 2z

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=51

In fact, the GCF of a set of expressions in the form ™ will always be the exponent of lowest degree.

Watch the following video to see another example of how to find the GCF of two monomials that have one
variable.

Sometimes you may encounter a polynomial with more than one variable, so it is important to check whether
both variables are part of the GCF. In the next example we find the GCF of two terms which both contain two
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Greatest Common Factor of Two Monomials

- 85718, 2471

Find the GCF ‘

F
- i i

Bt l.. GCF of two monomials is the monomial with o coofficient that 15 the |

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=51

variables.

Find the greatest common factor of 81c3d and 45¢%d?.
Answer

81c*d=3-3-3-3-¢c-c-c-d
45¢2d2 =3-3-5-¢c-c-d-d
GCF=3-3-¢c-c-d

Answer

GCF = 9¢%d

The video that follows shows another example of finding the greatest common factor of two monomials with
more than one variable.

Greatest Common Factor of Two Monomials

| Find the GCF
- 108453 9617 i

The GCF of two monominls is the
ot l ivid

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=51
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Find the GCF of a polynomial

Now that you have practiced finding the GCF of a term with one and two variables, the next step is to find
the GCF of a polynomial. Later in this module we will apply this idea to factoring the GCF out of a
polynomial. That is, doing the distributive property “backwards” to divide the GCF away from each of the
terms in the polynomial. In preparation, practice finding the GCF of a given polynomial.

Recall that a polynomial is an expression consisting of a sum or difference of terms. To find the GCF of a
polynomial, inspect each term for common factors just as you previously did with a list of expressions.

No matter how large the polynomial, you can use the same technique described below to identify its GCF.

HOW TO: GIVEN A POLYNOMIAL EXPRESSION, FIND THE GREATEST
COMMON FACTOR.
1. Identify the GCF of the coefficients.

2. Identify the GCF of the variables.
3. Combine to find the GCF of the expression.

EXAMPLE

Find the GCF of 6x3y3 + 4522y? + 21xy.

Answer

The GCF of 6,45, and 21 is 3.

The GCF of 23, 22, and z is z.

And the GCF of 33,42, and y is y.

Combine these to find the GCF of the polynomial, 3zy.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=51
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DEFINE AND SIMPLIFY RATIONAL
EXPRESSIONS

LEARNING OUTCOMES

» Recognize and define a rational expression
+ Determine the domain of a rational expression
» Simplify a rational expression

Rational expressions are fractions that have a polynomial in the numerator, denominator, or both. Although

rational expressions can seem complicated because they contain variables, they can be simplified using the
3

techniques used to simplify expressions such as 1oz Because rational expressions often contain a

T
variable in the denominator, though, there are certain values of the variable that will would cause the
denominator to equal zero. When the denominator of a fraction is zero, the fraction is said to be undefined.

When working with rational expressions, it is important to identify values that would cause the denominator
to equal zero and state them explicitly as numbers that can’t be included in the set of values for which the
expression may be evaluated. We call the set of values for which the expression is defined the domain of the
expression.

Determine the domain of a rational expression

Consider the following rational expression evaluated at z = 2:

Evaluate

Substitute £ = 2

But we have stated that a fraction with a zero in the denominator is not defined. This means that for the

expression 5 T cannot be 2 because it will result in an undefined fraction. In general, finding values for

a variable that will not result in division by zero allows us to identify all the values for which the expression is
defined. We call the set of all such values the domain of the expression (later we’ll apply them to equations
and functions as well).

Domain of a rational expression

The domain of a rational expression is a collection of the values for the variable that will not result in an
undefined mathematical operation such as division by zero. For a = any real number, we can notate the
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domain in the following way:
 is all real numbers where = # a

We cannot divide a number ¢ by zero (% = ?) because if we could, there would have to exist some

number that, when multiplied by 0, would recover ¢ (? - 0 = c¢). There are no numbers that can do this,
so we say that division by zero is undefined. In simplifying rational expressions, pay attention to what values
of the variable(s) in the expression would make the denominator equal zero. These values cannot be
included in the domain. We call them excluded values.

(Note that although the denominator cannot be equivalent to 0, the numerator can—this is why you only look
for excluded values in the denominator of a rational expression.)

For rational expressions, the domain will exclude values for which the value of the denominator is 0. The
following example illustrates finding the domain of an expression.

Identify the domain of the expression. z+7
z+9
Answer
We can see that if z = —9, the denominator would equal zero because —9 + 9 = 0.

7
So we exclude —9 from the set of possible values in the domain of z :[ 9
X

The domain is all real numbers except —9.

Simplify Rational Expressions

Before we begin to discuss simplifying rational expressions, let’s review the difference between a factor, a
term, and an expression.

Factors are the building blocks of multiplication. They are the numbers that you can multiply together to
produce another number: 2 and 10 are factors of 20, as are 4, 5, 1, 20.

Terms are single numbers, or variables and numbers connected by multiplication. —4, 6z and z2 are all
terms.

Expressions are groups of terms connected by addition and subtraction. 222 — 5 is an expression.

2

2
Simplify: %

Just as we did when we simplified fractions containing only numbers, we’ll write the numerator and
denominator each as a product of its smallest factors. Then, we can cancel common factors in the
numerator and denominator by dividing them.

22
12z
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2
We can do this because 5 = 1 and z_ 1, so our expression simplifies to %
X
2

2x T
Compare that to the expression ﬁ Notice the numerator and denominator in this rational expression
X

consist of polynomials (sums or differences of terms). We would have to write those polynomials as
products, a process called factoring, before canceling any terms or variables. We’'ll see how to do that later
in this module.

2z(z+1)

2(x+1)
the numerator and denominator. Since these terms are being multiplied together, we can cancel the
common factors.

The polynomial above, written in factored form is . Note the common factors of 2 and (z + 1) in

2z(z+1)
2(x+1)
_2-z-(z+1)
B (x+1)

T

2 (g+T)

We'll discover how to write the numerator and denominator of a rational expression as products later in the
module. For now, consider the steps to simplify a rational expression.

HOW TO: GIVEN A RATIONAL EXPRESSION, SIMPLIFY IT

1. Write the numerator and denominator as products of factors.
2. Cancel any common factors.

EXAMPLE
o _ z(z—T)(z+2) . .
Simplify the rational expression and state its domain.
z(z + 3)(z + 2)
Answer

2@ -TNe+?) A@E-DE+T  (@-17)

2@ +3)@+2)  #(z+3) g+ (@+3)

Since the unsimplified expression would have been undefined for z = 0, —3, or — 2, the domain is all
real numbers except —3, —2 and 0.
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SUMMARY: REVIEW

Key Concepts

» To evaluate a polynomial expression, substitute a particular value for each variable and simplify.

« To find the GCF of a polynomial, first find the GCF of the coefficients, then find the GCF of the variables,
then multiply them together to form the GCF of the polynomial.

« To simplify a rational expression, first factor the numerator and denominator, exclude any possible
values of the variable that could cause the denominator to equal zero, then find and cancel common
factors in the numerator and denominator.

» Division by zero is undefined.

Glossary

coefficient a real number multiplying a variable in a polynomial
constant a term in a polynomial with no variable
degree the highest exponent of a variable term in a polynomial

domain of a rational expresion all numbers for which the expression is defined (for which the denominator
does not equal zero)

excluded valuesvalues excluded from possible values of the variable of a rational expression because they
would cause the denominator to equal zero

factor as a verb, to write a number or, in the case of polynomials, a sum or difference, as a product
factors as a noun, numbers multiplied together to form another number

greatest common factor (GCF) the largest number or expression that divides evenly into a list of
expressions or into each term of a polynomial

leading coefficient the coefficient of the highest degree term of a polynomial
monomial, binomial, trinomial a polynomial made of one, two, or three terms, respectively

polynomial an expression consisting of a sum or difference of terms in which each term consists of a real
number, a variable, or the product of a real number and one or more variables with non-negative integer
exponents

rational expression an expression with a polynomial in the numerator and a polynomial in the denominator
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INTRODUCTION TO POLYNOMIAL BASICS

By the end of this section, you will be able to:

« |dentify the degree, leading coefficient, and leading term of a polynomial.
Add and subtract polynomials.

Multiply polynomials.

Square a binomial.

Find a difference of squares.

Perform operations on polynomials with several variables.

Earl is building a doghouse whose front is in the shape of a square topped with a triangle. There will be a
rectangular door through which the dog can enter and exit the house. Earl wants to find the area of the front
of the doghouse so that he can purchase the correct amount of paint. Using the measurements of the front
of the house shown in Figure 1 below, we can create an expression that combines several variable terms
which allows us to solve this problem and others like it.

3
5 feet

1 foot ~__

/

Figure 1

First, find the area of the square in square feet.
A = §2

= (22)°

= 42
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Then, find the area of the triangle in square feet.
A = %bh

(22) (

Z

[N

)

e N

Next, find the area of the rectangular door in square feet.
A = lw

= z-1

= T

The area of the front of the doghouse can be found by adding the areas of the square and the triangle and
then subtracting the area of the rectangle. When we do this, we get

4z’ + 3z — 2 ft?, or da? + 12 2.

In this module, we will examine expressions such as this one which combine several variable terms.
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OPERATIONS ON POLYNOMIALS

LEARNING OUTCOMES

« |dentify the degree, leading coefficient, and leading term of a polynomial.
+ Add and subtract polynomials.
« Multiply polynomials.

The area of the front of the doghouse described in the introduction was 4x? + %w ft2,

This is an example of a polynomial which is a sum of or difference of terms each consisting of a variable
raised to a nonnegative integer power. A number multiplied by a variable raised to an exponent, such as
384m, is known as a coefficient. Coefficients can be positive, negative, or zero, and can be whole numbers,
decimals, or fractions. Each product a;z*, such as 3847w, is a term of a polynomial. If a term does not
contain a variable, it is called a constant.

A polynomial containing only one term, such as 5z*, is called a monomial. A polynomial containing two

terms, such as 2z — 9, is called a binomial. A polynomial containing three terms, such as —3z? + 8z — 7,
is called a trinomial.
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We can find the degree of a polynomial by identifying the highest power of the variable that occurs in the
polynomial. The term with the highest degree is called the leading term because it is usually written first.
The coefficient of the leading term is called the leading coefficient. When a polynomial is written so that the
powers are descending, we say that it is in standard form.

Leading coefficient

\ /Degree

apX" +ot+ ax? + ax + ag

Leading term

A GENERAL NOTE: POLYNOMIALS

A polynomial is an expression that can be written in the form
anz” + -+ asz? + a1z + ag
Each real number g;is called a coefficient. The number q( that is not multiplied by a variable is called a

constant. Each product a;z’ is a term of a polynomial. The highest power of the variable that occurs in
the polynomial is called the degree of a polynomial. The leading term is the term with the highest power,
and its coefficient is called the leading coefficient.

HOW TO: GIVEN A POLYNOMIAL EXPRESSION, IDENTIFY THE DEGREE
AND LEADING COEFFICIENT

1. Find the highest power of x to determine the degree.
2. Identify the term containing the highest power of x to find the leading term.
3. Identify the coefficient of the leading term.

EXAMPLE: IDENTIFYING THE DEGREE AND LEADING COEFFICIENT OF A
POLYNOMIAL

For the following polynomials, identify the degree, the leading term, and the leading coefficient.

1.3+ 222 — 423
2. 5t5 — 23 + Tt
3.6p—p°>—2

Answer

1. The highest power of x is 3, so the degree is 3. The leading term is the term containing that degree,
—4z®. The leading coefficient is the coefficient of that term, —4.

2. The highest power of tis 5, so the degree is 5. The leading term is the term containing that degree, 5¢°
. The leading coefficient is the coefficient of that term, 5.

3. The highest power of pis 3, so the degree is 3. The leading term is the term containing that degree,
—p3, The leading coefficient is the coefficient of that term, —1.

TRY IT

Identify the degree, leading term, and leading coefficient of the polynomial 422 — 2% + 2z — 6.
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Answer
The degree is 6, the leading term is —2%, and the leading coefficient is —1.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=55

In the following video example, we will identify the terms, leading coefficient, and degree of a polynomial.

Write the pulynomial fn desce

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=55

Adding and Subtracting Polynomials

We can add and subtract polynomials by combining like terms, which are terms that contain the same
variables raised to the same exponents. For example, 52 and —2z2 are like terms and can be added to get
32, but 3z and 3z are not like terms and therefore cannot be added.

HOW TO: GIVEN MULTIPLE POLYNOMIALS, ADD OR SUBTRACT THEM TO
SIMPLIFY THE EXPRESSIONS

1. Combine like terms.
2. Simplify and write in standard form. Standard form means you start with the leading term, and write
the rest of the terms in descending order by degree.

Watch this video to see more examples of adding and subtracting polynomials.

Multiplying Polynomials

Multiplying polynomials is a bit more challenging than adding and subtracting polynomials. We must use the
distributive property to multiply each term in the first polynomial by each term in the second polynomial. We
then combine like terms. We can also use a shortcut called the FOIL method when multiplying binomials.
Certain special products follow patterns that we can memorize and use instead of multiplying the
polynomials by hand each time. We will look at a variety of ways to multiply polynomials.

Multiplying Polynomials Using the Distributive Property
To multiply a number by a polynomial we use the distributive property. The number must be distributed to
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EXAMPLE: ADDING POLYNOMIALS

Find the sum.
(1222 + 9z — 21) + (42® + 8% — bz + 20)
Answer

4z% + (122 4 82?) + (9z — 5z) + (—21 + 20) Combine like terms.

423 +202% + 42 — 1 Simplify.

Analysis of the Solution

We can check our answers to these types of problems using a graphing calculator. To check, graph the
original problem as given along with the simplified answer. The two graphs should be the same. Be sure to
use the same window to compare the graphs. Using different windows can make the expressions seem
equivalent when they are not.

TRY IT

Find the sum.

(22® 4+ 5% —z + 1) + (2% — 3z — 4)
Answer

223 + 722 — 42— 3

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=55

BE CAREFUL WHEN SUBTRACTING POLYNOMIALS

When subtracting a polynomial from another, be careful to subtract each term in the second from the first.
That is, use the distributive property to distribute the minus sign through the second polynomial.

(32> — 22+ 9) — (z* — 4z + 5) Distribute the negative in front of the parenthesis
32> — 2z +9 — 22 — (—4z) — 5 Be careful when subtracting a negative.
322 — 22 —2x +4x+9-5 Rearrange terms in descending order of degree

222 +2x + 4 Combine like terms.

each term of the polynomial. In 2 (z + 7) we can distribute 2 to obtain the expression 2z + 14. When
multiplying polynomials, the distributive property allows us to multiply each term of the first polynomial by
each term of the second. We then add the products together and combine like terms to simplify.

Watch this video to see more examples of how to use the distributive property to multiply polynomials.

Using FOIL to Multiply Binomials

A shortcut called FOIL is sometimes used to find the product of two binomials. It is called FOIL because we
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EXAMPLE: SUBTRACTING POLYNOMIALS

Find the difference.

(7a* — 2 + 6z + 1) — (52° — 22 + 3z + 2)

Answer

Tat — 523 + (—2? + 22?) + (6z — 3z) + (1 — 2) Combine like terms.

7z* — 5z + 22 + 3z — 1 Simplify.

Analysis of the Solution

Note that finding the difference between two polynomials is the same as adding the opposite of the
second polynomial to the first.

TRY IT

Find the difference.

(—7:83 — Tz% + 62 — 2) — (4a:3 —6x% —z + 7)
Answer

—1l2® — 224+ 72 -9

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=55

Examples: Adding and Subtracting Polynomials

{x bt T2 A =TI B 4 22T )
& A, i -
G o B8 I + < + 92 8

- ‘dfx'.g-éixb

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=55

HOW TO: GIVEN THE MULTIPLICATION OF TWO POLYNOMIALS, USE THE
DISTRIBUTIVE PROPERTY TO SIMPLIFY THE EXPRESSION

1. Multiply each term of the first polynomial by each term of the second.
2. Combine like terms.
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3. Simplify.

EXAMPLE: MULTIPLYING POLYNOMIALS USING THE DISTRIBUTIVE
PROPERTY

Find the product.
(2z + 1) (322 — z +4)
Answer

2z (32> —x+4) + 1 (32> — 2 +4) Use the distributive property.
(6x® — 222 + 8z) + (32> —z +4) Multiply.
62° + (—222 + 3z%) + (8z —z) + 4 Combine like terms.

623 + 22 + Tz + 4 Simplify.

Analysis of the Solution

We can use a table to keep track of our work, as shown in the table below. Write one polynomial across
the top and the other down the side. For each box in the table, multiply the term for that row by the term
for that column. Then add all of the terms together, combine like terms, and simplify.

312 —x +4
3
2% bz 92 8z
+1 32 —x 4

USING THE DISTRIBUTIVE PROPERTY

When multiplying a binomial and another polynomial with two or more terms, be sure to multiply each term
in the first to each term in the second.

TRY IT

Find the product.

3z +2) (28 — 4a® +7)
Answer

3z — 10z — 8z2 + 21z + 14

Analysis of the Solution

We can use a table to keep track of our work as shown below. Write one polynomial across the top and
the other down the side. For each box in the table, multiply the term for that row by the term for that
column. Then add all of the terms together, combine like terms, and simplify.
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3x2 —x +4

3
% bz 92 8z

+1 32 -z 4

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=55

Examples: Multiplying Polynomials

Multiply and simplify

AN i
G 15) = Dkaas = AxF10

b ot
—5n(n'—2) = ~Sn

-2ab(Fab® - 4a2)

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=55

multiply the first terms, the outer terms, the inner terms, and then the last terms of each binomial.

First terms
Last terms

(ax + b) (cx + d) = acx? + adx + bex + bd
Inner terms

Quter terms

The FOIL method is simply just the distributive property. We are multiplying each term of the first binomial by

each term of the second binomial and then combining like terms.

HOW TO: GIVEN TWO BINOMIALS, MULTIPLYING USING FOIL

1. Multiply the first terms of each binomial.

2. Multiply the outer terms of the binomials.
3. Multiply the inner terms of the binomials.
4. Multiply the last terms of each binomial.

5. Add the products.

6. Combine like terms and simplify.
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EXAMPLE: USING FOIL TO MULTIPLY BINOMIALS

Use FOIL to find the product.

(22 —18) (3z + 3)

Answer

Find the product of the first terms.

2x — 18 3x+3 2x - 3x = 6x2

Find the product of the outer terms.

1 f

2x — 18 3x + 3 2x -3 = bx

Find the product of the inner terms.

2x — 18 3x+ 3 —18 - 3x = —54x
Find the product of the last terms.
2x — 18 3x+ 3 -18-3 = -54

622 4+ 6z — 54z — 54  Add the products.
6z% + (6z — 54x) — 54 Combine like terms.
622 — 48z — 54 Simplify.

TRY IT

Use FOIL to find the product.
(z+7) (3¢ — 5)

Answer

3z + 16z — 35

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=55
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SPECIAL CASES OF POLYNOMIALS

LEARNING OUTCOMES

» Square a binomial.
» Find a difference of squares.
» Perform operations on polynomials with several variables.

Perfect Square Trinomials

Certain binomial products have special forms. When a binomial is squared, the result is called a perfect
square trinomial. We can find the square by multiplying the binomial by itself. However, there is a special
form that each of these perfect square trinomials takes, and memorizing the form makes squaring binomials
much easier. Let’s look at a few perfect square trinomials to familiarize ourselves with the form.

(z+5)7 = 22+10z+25

(z—3)?% = 22 —6x+9

(4z — 1) = 4a2® -8z +1

Notice that the first term of each trinomial is the square of the first term of the binomial and, similarly, the last

term of each trinomial is the square of the last term of the binomial. The middle term is double the product of
the two terms. Lastly, we see that the first sign of the trinomial is the same as the sign of the binomial.

A GENERAL NOTE: PERFECT SQUARE TRINOMIALS

When a binomial is squared, the result is the first term squared added to double the product of both terms

and the last term squared.

(z+a) = (z+a) (z+a) =%+ 2az + a?

HOW TO: GIVEN A BINOMIAL, SQUARE IT USING THE FORMULA FOR
PERFECT SQUARE TRINOMIALS

1. Square the first term of the binomial.

2. Square the last term of the binomial.

3. For the middle term of the trinomial, double the product of the two terms.
4. Add and simplify.

Difference of Squares

Another special product is called the difference of squares which occurs when we multiply a binomial by
another binomial with the same terms but the opposite sign. Let’s see what happens when we multiply
(z 4+ 1) (z — 1) using the FOIL method.
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EXAMPLE: EXPANDING PERFECT SQUARES

Expand (3z — 8)°.

Answer

Begin by squaring the first term and the last term. For the middle term of the trinomial, double the product
of the two terms.

(3z)" —2(32) (8) + (~8)”
922 — 48z + 64.

TRY IT

Expand (4z — 1)°.
Answer
1622 — 8z + 1

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=56

(z+1)(z—1) = 22 —z+z—1
= 22 -1

The middle term drops out resulting in a difference of squares. Just as we did with the perfect squares, let’s
look at a few examples.

(z+5)(x—5) = 22-25
(x+11)(z—11) = 22 —121
(2z+3)(2z —3) = 422 -9

Because the sign changes in the second binomial, the outer and inner terms cancel each other out, and we
are left only with the square of the first term minus the square of the last term.

Q&A

Is there a special form for the sum of squares?
No. The difference of squares occurs because the opposite signs of the binomials cause the middle terms
to disappear. There are no two binomials that multiply to equal a sum of squares.

A GENERAL NOTE: DIFFERENCE OF SQUARES

When a binomial is multiplied by a binomial with the same terms separated by the opposite sign, the result
is the square of the first term minus the square of the last term.

(a+0b)(a—0b)=a®— b

Performing Operations with Polynomials of Several Variables

We have looked at polynomials containing only one variable. However, a polynomial can contain several
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HOW TO: GIVEN A BINOMIAL MULTIPLIED BY A BINOMIAL WITH THE
SAME TERMS BUT THE OPPOSITE SIGN, FIND THE DIFFERENCE OF
SQUARES

1. Square the first term of the binomials.
2. Square the last term of the binomials.
3. Subtract the square of the last term from the square of the first term.

EXAMPLE: MULTIPLYING BINOMIALS RESULTING IN A DIFFERENCE OF
SQUARES

Multiply (92 + 4) (9z — 4).
Answer

Square the first term to get (9z)® = 81z2. Square the last term to get 4> = 16. Subtract the square of the
last term from the square of the first term to find the product of 8122 — 16.

TRY IT

Multiply (2 4+ 7) (22 — 7).
Answer
422 — 49

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=56

variables. All of the same rules apply when working with polynomials containing several variables. Consider
an example:

(a+2b)(da—b—c)

a(4a—b—c)+2b(4a—b—c) Use the distributive property.
4a® — ab — ac + 8ab — 2b* — 2bc Multiply.

4a? 4 (—ab + 8ab) — ac — 2b* — 2bc Combine like terms.

4a?® 4 Tab — ac — 2bc — 2b? Simplify.
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EXAMPLE: MULTIPLYING POLYNOMIALS CONTAINING SEVERAL
VARIABLES

Multiply (z 4 4) (3z — 2y + 5).
Answer
Follow the same steps that we used to multiply polynomials containing only one variable.

z(3z —2y+5)+4(3z—2y+5) Use the distributive property.
3z2 — 2zy + bx + 12z — 8y +20  Multiply.

3z — 2zy + (5x + 12z) — 8y + 20 Combine like terms.

3x? — 2zy + 17z — 8y + 20 Simplify.

TRY IT

Bz —1)(2z + Ty —9).
Answer
6x2 + 21zy — 292 — Ty + 9

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=56
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A polynomial is a sum of terms each consisting of a variable raised to a nonnegative integer power. The

degree is the highest power of the variable that occurs in the polynomial. The leading term is the term

containing the highest degree, and the leading coefficient is the coefficient of that term.

» We can add and subtract polynomials by combining like terms.

« To multiply polynomials, use the distributive property to multiply each term in the first polynomial by each
term in the second. Then add the products.

« FOIL (First, Outer, Inner, Last) is a shortcut that can be used to multiply binomials.

» Perfect square trinomials and difference of squares are special products.

» Follow the same rules to work with polynomials containing several variables.

Glossary

binomial a polynomial containing two terms
coefficient any real number a; in a polynomial of the form a,z™ + - - - + asx? + a1z + ao
degree the highest power of the variable that occurs in a polynomial

difference of squares the binomial that results when a binomial is multiplied by a binomial with the same
terms, but the opposite sign

leading coefficient the coefficient of the leading term

leading term the term containing the highest degree

monomial a polynomial containing one term

perfect square trinomial the trinomial that results when a binomial is squared

polynomial a sum of terms each consisting of a variable raised to a nonnegative integer power
term of a polynomial any a;z’ of a polynomial of the form a,2™ + - - - + as2? + a1z + ag

trinomial a polynomial containing three terms
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INTRODUCTION TO FACTORING
POLYNOMIALS

By the end of this section, you will be able to:
« |dentify and factor the greatest common factor of a polynomial.
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» Factor a trinomial with leading coefficient 1.

» Factor by grouping.

» Factor a perfect square trinomial.

» Factor a difference of squares.

» Factor a sum and difference of cubes.

» Factor an expression with negative or fractional exponents.

Imagine that we are trying to find the area of a lawn so that we can determine how much grass seed to
purchase. The lawn is the green portion in the figure below.

4 4

6x

10x

The area of the entire region can be found using the formula for the area of a rectangle.

A = lw
= 10z - 6x

= 602 units?

The areas of the portions that do not require grass seed need to be subtracted from the area of the entire

region. The two square regions each have an area of A = s? = 42 = 16 units®. The other rectangular region
has one side of length 10z — 8 and one side of length 4, giving an area of

A=lw=4(10z — 8) = 40z — 32 units®. So the region that must be subtracted has an area of
2 (16) + 40z — 32 = 40z units®.

The area of the region that requires grass seed is found by subtracting 60z? — 40z units2. This area can

also be expressed in factored form as 20z (32 — 2) units®. We can confirm that this is an equivalent
expression by multiplying.

Many polynomial expressions can be written in simpler forms by factoring. In this section, we will look at a
variety of methods that can be used to factor polynomial expressions.
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LEARNING OUTCOMES

« |dentify and factor the greatest common factor of a polynomial.
» Factor a trinomial with leading coefficient 1.
» Factor by grouping.

Recall that the greatest common factor (GCF) of two numbers is the largest number that divides evenly
into both numbers. For example, 4 is the GCF of 16 and 20 because it is the largest number that divides
evenly into both 16 and 20. The GCF of polynomials works the same way: 4z is the GCF of 16z and 20z
because it is the largest polynomial that divides evenly into both 16z and 20z2.

Finding and factoring out a GCF from a polynomial is the first skill involved in factoring polynomials.

Factoring a GCF out of a polynomial

When factoring a polynomial expression, our first step is to check to see if each term contains a common
factor. If so, we factor out the greatest amount we can from each term. To make it less challenging to find
this GCF of the polynomial terms, first look for the GCF of the coefficients, and then look for the GCF of the
variables.

A GENERAL NOTE: GREATEST COMMON FACTOR

The greatest common factor (GCF) of a polynomial is the largest polynomial that divides evenly into
each term of the polynomial.

To factor out a GCF from a polynomial, first identify the greatest common factor of the terms. You can then
use the distributive property “backwards” to rewrite the polynomial in a factored form. Recall that the
distributive property of multiplication over addition states that a product of a number and a sum is the
same as the sum of the products.

Distributive Property Forward and Backward

Forward: We distribute a over b + c.

a(b+c) =ab+ ac.

Backward: We factor a out of ab + ac.

ab+ac=a(b+c).

We have seen that we can distribute a factor over a sum or difference. Now we see that we can “undo” the
distributive property with factoring.

Factor 2563 + 10b2.
Answer
Find the GCF.

250> =5-5-b-b-b
1002=5-2-b-b
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GCF =5-b-b=5b?
Rewrite each term with the GCF as one factor.
25b3 = 5b? - 5b
106? = 5b2 - 2
Rewrite the polynomial using the factored terms in place of the original terms.
5b2 (5b) + 5b2 (2)
Factor out the 5b2,

562 (5b + 2)

Answer

502 (5b + 2)

Analysis

The factored form of the polynomial 255 + 10b? is 5b% (5b + 2). You can check this by doing the
multiplication. 5% (5b + 2) = 253 + 1002,

Note that if you do not factor the greatest common factor at first, you can continue factoring, rather than
start all over.

For example:

2503 + 1062 =5 (5b3 + 262) Factor out 5.
= 5b% (5b + 2) Factor out b%.

Notice that you arrive at the same simplified form whether you factor out the GCF immediately or if you
pull out factors individually.

In the following video we see two more examples of how to find and factor the GCF from binomials.

Examples: GreatestjCommopn Factor

Tdentify the greatost common Tadtor] Thien facton
B tERy = 23 XAx Ad P Dex
= Yx (x" 3

Gk =Hx

18a"h7 + 45a*h?
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A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=59

HOW TO: GIVEN A POLYNOMIAL EXPRESSION, FACTOR OUT THE
GREATEST COMMON FACTOR

1. Identify the GCF of the coefficients.

2. Identify the GCF of the variables.

3. Combine to find the GCF of the expression.

4. Determine what the GCF needs to be multiplied by to obtain each term in the expression.

5. Write the factored expression as the product of the GCF and the sum of the terms we need to multiply
by.

EXAMPLE: FACTORING THE GREATEST COMMON FACTOR

Factor 6z3y3 + 45z%y? + 21zy.
Answer
First find the GCF of the expression. The GCF of 6, 45, and 21 is 3. The GCF of 23, 22, and z is . (Note

that the GCF of a set of expressions of the form ™ will always be the lowest exponent.) The GCF of 3, y
, and y is y. Combine these to find the GCF of the polynomial, 3zy.

Next, determine what the GCF needs to be multiplied by to obtain each term of the polynomial. We find
that 3xzy (2x2y2) = 6z%y3, 3zy (15zy) = 45z%y?, and 3zy (7) = 21zy.

Finally, write the factored expression as the product of the GCF and the sum of the terms we needed to
multiply by.

2

(3zy) (22%y? + 152y + 7)

Analysis of the Solution

After factoring, we can check our work by multiplying. Use the distributive property to confirm that
(3zy) (22%y® + 152y + 7) = 62°y® + 4522y° + 21zy.

The GCF may not always be a monomial. Here is an example of a GCF that is a binomial.

TRY IT

Factor z (b — a) + 6 (b — a) by pulling out the GCF.
Answer
(v* — a) (z + 6)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=59

Watch this video to see more examples of how to factor the GCF from a trinomial.
Factoring a Trinomial with Leading Coefficient 1
Although we should always begin by looking for a GCF, pulling out the GCF is not the only way that
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Examples: Greatest Common Factor

Tdentify the greatest common fadtor] Then factor

1B BT e = 63

A
i S A e
0%, oy Gxrsbe

DAT KARKK + A B KEAK A AT DHH A

60a'hY = 15a°hY ¥ 450k

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=59

polynomial expressions can be factored. The polynomial 22 + 5z + 6 has a GCF of 1, but it can be written
as the product of the factors (z + 2) and (z + 3).

Trinomials of the form z2 4 bz + ¢ can be factored by finding two numbers with a product of ¢ and a sum of b
. The trinomial 22 + 10z + 16, for example, can be factored using the numbers 2 and 8 because the product
of these numbers is 16 and their sum is 10. The trinomial can be rewritten as the product of (z + 2) and

(z +38).

A GENERAL NOTE: FACTORING A TRINOMIAL WITH LEADING
COEFFICIENT 1

A trinomial of the form 2 + bz + c can be written in factored form as (z + p) (z + q) where pg = ¢ and
p+gqg=b.

Q&A

Can every trinomial be factored as a product of binomials?
No. Some polynomials cannot be factored. These polynomials are said to be prime.

HOW TO: GIVEN A TRINOMIAL IN THE FORM z? + bz + ¢, FACTOR IT

1. List factors of c.
2. Find p and ¢, a pair of factors of ¢ with a sum of b.
3. Write the factored expression (z + p) (z + q).

Factoring by Grouping

Trinomials with leading coefficients other than 1 are slightly more complicated to factor. For these trinomials,
we can factor by grouping by dividing the x term into the sum of two terms, factoring each portion of the
expression separately, and then factoring out the GCF of the entire expression. The trinomial 222 + 5z + 3
can be rewritten as (2z + 3) (« + 1) using this process. We begin by rewriting the original expression as
2z% + 2z + 3z + 3 and then factor each portion of the expression to obtain 2z (x + 1) + 3 (z + 1). We then
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EXAMPLE: FACTORING A TRINOMIAL WITH LEADING COEFFICIENT 1

Factor 22 + 2z — 15.
Answer

We have a trinomial with leading coefficient 1,b = 2, and ¢ = —15. We need to find two numbers with a
product of —15 and a sum of 2. In the table, we list factors until we find a pair with the desired sum.

Factors of —15 Sum of Factors
1,-15 —~14

—-1,15 14

3,5 —2

-3,5 2

Now that we have identified p and g as —3 and 5, write the factored form as (z — 3) (z + 5).

Analysis of the Solution

We can check our work by multiplying. Use FOIL to confirm that (z — 3) (z + 5) = 22 + 2z — 15.

Q&A

Does the order of the factors matter?
No. Multiplication is commutative, so the order of the factors does not matter.

TRY IT
Factor 22 — 7z + 6.
Answer
(x—6)(z—1)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=59

pull out the GCF of (x + 1) to find the factored expression.

A GENERAL NOTE: FACTORING BY GROUPING

To factor a trinomial of the form az? + bz + ¢ by grouping, we find two numbers with a product of ac and a
sum of b. We use these numbers to divide the = term into the sum of two terms and factor each portion of
the expression separately then factor out the GCF of the entire expression.

HOW TO: GIVEN A TRINOMIAL IN THE FORM az? + bx + ¢, FACTOR BY
GROUPING
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. List factors of ac.

. Find p and g, a pair of factors of ac with a sum of b.

. Rewrite the original expression as az? + pz + gz + c.
. Pull out the GCF of az? + pz.

. Pull out the GCF of gz + c.

. Factor out the GCF of the expression.

OO WN =

EXAMPLE: FACTORING A TRINOMIAL BY GROUPING

Factor 522 + Tx — 6 by grouping.
Answer

We have a trinomial with a = 5,b = 7, and ¢ = —6. First, determine ac = —30. We need to find two
numbers with a product of —30 and a sum of 7. In the table, we list factors until we find a pair with the
desired sum.

Factors of —30 Sum of Factors
1,-30 -29
-1,30 29
2,—-15 -13
-2,15 13
3,—-10 -7
-3,10 7
Sop = -3 and q = 10.
52 — 3z 4+ 10z — 6 Rewrite the original expression as az? + pz + gz + c.

z (bz —3) + 2 (52 — 3) Factor out the GCF of each part.
(52 — 3) (z + 2) Factor out the GCF of the expression.

Analysis of the Solution

We can check our work by multiplying. Use FOIL to confirm that (5z — 3) (z + 2) = 522 + Tz — 6.

TRY IT

Factor the following.

1.222 +92 4+ 9
2.6x24+x—1

Answer

1. (22 +3) (z+3)
2.3z—-1)(2z+1)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=59
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here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=59

An interactive or media element has been excluded from this version of the text. You can view it online

In the next video we see another example of how to factor a trinomial by grouping.

Factoring Trinomials in the ax® brx + ¢ hy Grouping

Rewrite the trinomial in the form ax? « br + ¢ =y +ry = o+ ¢ and factor by

| Erotp

. ;
Factet the trngeial
e e
| 13y +5
I Lo
e e
 —— = 3
| = 1
| |
i - SR
| | Factarr
i Find the twa insagor, rand
|
| -

https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=59

A YouTube element has been excluded from this version of the text. You can view it online here:
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FACTORING SPECIAL CASES

LEARNING OUTCOMES

Factor a perfect square trinomial.

Factor a difference of squares.

Factor a sum and difference of cubes.

Factor an expression with negative or fractional exponents.

Factoring a Perfect Square Trinomial

A perfect square trinomial is a trinomial that can be written as the square of a binomial. Recall that when a
binomial is squared, the result is the square of the first term added to twice the product of the two terms and
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the square of the last term.
a®+2ab+b* = (a+b)’

a® —2ab+ b = (a—0b)’

We can use this equation to factor any perfect square trinomial.

A GENERAL NOTE: PERFECT SQUARE TRINOMIALS

A perfect square trinomial can be written as the square of a binomial:
a? + 2ab + b = (a + b)*

HOW TO: GIVEN A PERFECT SQUARE TRINOMIAL, FACTOR IT INTO THE
SQUARE OF A BINOMIAL

1. Confirm that the first and last term are perfect squares.
2. Confirm that the middle term is twice the product of ab.

3. Write the factored form as (a + b)®.

EXAMPLE: FACTORING A PERFECT SQUARE TRINOMIAL

Factor 25z + 20z + 4.

Answer

Notice that 25z and 4 are perfect squares because 252 = (590)2 and 4 = 22. Then check to see if the
middle term is twice the product of 5z and 2. The middle term is, indeed, twice the product:

2 (5z) (2) = 20z. Therefore, the trinomial is a perfect square trinomial and can be written as (5z + 2)°.

TRY IT

Factor 4922 — 14z + 1.
Answer

(7z —1)°

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

Factoring a Difference of Squares

A difference of squares is a perfect square subtracted from a perfect square. Recall that a difference of
squares can be rewritten as factors containing the same terms but opposite signs because the middle terms
cancel each other out when the two factors are multiplied.

a® —b®=(a+b)(a—0)
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We can use this equation to factor any differences of squares.

A GENERAL NOTE: DIFFERENCES OF SQUARES

A difference of squares can be rewritten as two factors containing the same terms but opposite signs.
a’> - b= (a+b)(a—Db)

HOW TO: GIVEN A DIFFERENCE OF SQUARES, FACTOR IT INTO
BINOMIALS

1. Confirm that the first and last term are perfect squares.
2. Write the factored form as (a + b) (a — b).

EXAMPLE: FACTORING A DIFFERENCE OF SQUARES

Factor 922 — 25.
Answer

Notice that 92 and 25 are perfect squares because 922 = (393)2 and 25 = 52. The polynomial represents
a difference of squares and can be rewritten as (3z + 5) (3z — 5).

TRY IT

Factor 81y% — 100.
Answer
(9y + 10) (9y — 10)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

Q&A

Is there a formula to factor the sum of squares?
No. A sum of squares cannot be factored.

Watch this video to see another example of how to factor a difference of squares.

Factoring the Sum and Difference of Cubes

Now we will look at two new special products: the sum and difference of cubes. Although the sum of squares
cannot be factored, the sum of cubes can be factored into a binomial and a trinomial.
a® +b* = (a+b) (a® — ab+b?)

Similarly, the sum of cubes can be factored into a binomial and a trinomial but with different signs.
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Examples: Factoring Binomials [Special).
Factor ==t me—n F
R'!—3ﬁ = +0x— 36 x° —16
(=)
(X +& L X =6]) (x+d X4

=1k

Ga* =)t

100 — 9% 2 118
(18"

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

a® — b = (a—b) (a® + ab + b?)

We can use the acronym SOAP to remember the signs when factoring the sum or difference of cubes. The
first letter of each word relates to the signs: Same Opposite Always Positive. For example, consider the

following example.
-2 = (z—2) (2% + 22+ 4)

The sign of the first 2 is the same as the sign between x> — 2%. The sign of the 2z term is opposite the sign
between z® — 23. And the sign of the last term, 4, is always positive.

A GENERAL NOTE: SUM AND DIFFERENCE OF CUBES

We can factor the sum of two cubes as

a® +b* = (a +b) (a> — ab+b?)
We can factor the difference of two cubes as

a® — b = (a—b) (a® + ab + b?)

HOW TO: GIVEN A SUM OF CUBES OR DIFFERENCE OF CUBES, FACTOR
IT

1. Confirm that the first and last term are cubes, a® + b% or a® — b%.
2. For a sum of cubes, write the factored form as (a + b) (a2 —ab+ b2). For a difference of cubes, write

the factored form as (a — b) (a® + ab + b?).

In the following two video examples we show more binomials that can be factored as a sum or difference of
cubes.

Factoring Expressions with Fractional or Negative Exponents

Expressions with fractional or negative exponents can be factored by pulling out a GCF. Look for the
variable or exponent that is common to each term of the expression and pull out that variable or exponent
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EXAMPLE: FACTORING A SUM OF CUBES
Factor 2% + 512.

Answer
Notice that z* and 512 are cubes because 8° = 512. Rewrite the sum of cubes as (z + 8) (2% — 8z + 64)

Analysis of the Solution

After writing the sum of cubes this way, we might think we should check to see if the trinomial portion can
be factored further. However, the trinomial portion cannot be factored, so we do not need to check.

TRY IT

Factor the sum of cubes 216a® + b°.
Answer
(6a + b) (36a* — 6ab + b*)

EXAMPLE: FACTORING A DIFFERENCE OF CUBES
Factor 8z° — 125.

Answer

Notice that 823 and 125 are cubes because 8z3 = (23:)3 and 125 = 5. Write the difference of cubes as
(2z — 5) (42? + 10z + 25).

Analysis of the Solution

Just as with the sum of cubes, we will not be able to further factor the trinomial portion.

TRYIT

Factor the difference of cubes: 1,000z3 — 1.
Answer
(10z — 1) (100> + 10z + 1)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

raised to the lowest power. These expressions follow the same factoring rules as those with integer
1 3 1
exponents. For instance, 2z + bz can be factored by pulling out z and being rewritten as

J;i (2—1—53;%).

The following video provides more examples of how to factor expressions with negative exponents.
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Examples: Factora Sum or Diftérence ol Cubeés

A @b S (a% b Eab & H*
B S ashidt #ab#

Factor completely:

T4 B4 —_'.'L x &4 X = Ll'x-e—“a)

(+ &)
azx b=9

Bx2-—127

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

Example: Factor a Sum or Difference of Cubes
a’ + b* = {a+ B)a* = ab + b*)
at = b = (a— e +ab'+ v*)

Fagtor pompletely (2t) 4 [EY]

6% 216y¢ = g B TTY)

[P E ) BB 0
6. A 5.1

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

EXAMPLE: FACTORING AN EXPRESSION WITH FRACTIONAL OR NEGATIVE
EXPONENTS

wlre

Factor 3z(z + 2) T + 4(z + 2)5 .
Answer

1
3

Factor out the term with the lowest value of the exponent. In this case, that would be (z + 2)

(x + 2)_% (3z + 4 (z +2)) Factor out the GCF.
(¢ +2)75 (3z + 4z +8)  Simplify.
(z+2)77 (Tz + 8)

The following video provides more examples of how to factor expressions with fractional exponents.
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L_Facturiig Expressions with Negalive Eipanents: |

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

TRY IT
Factor 2(5a — 1) 7 + 7a(5a — 1) 7.
Answer
(5a — 1) (17a — 2)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60

_Factoring Expressions with Fractianal Exponents

| Factor. ey
[ . ok
et ghiita 1 2xM g qx
— 2y = 7xl* =18
3. 9yl 4 30pls 425

| E—

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=60
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SUMMARY: FACTORING POLYNOMIALS

Key Equations

difference of squares a> —b*=(a+b)(a—0b)
perfect square trinomial a® + 2ab + b = (a + b)*

sum of cubes a® +b° = (a+0b) (a® — ab+ b?)
difference of cubes a® — b = (a—b) (a® + ab + b?)

Key Concepts

» The greatest common factor, or GCF, can be factored out of a polynomial. Checking for a GCF should
be the first step in any factoring problem.

» Trinomials with leading coefficient 1 can be factored by finding numbers that have a product of the third
term and a sum of the second term.

« Trinomials can be factored using a process called factoring by grouping.

» Perfect square trinomials and the difference of squares are special products and can be factored using
equations.

+ The sum of cubes and the difference of cubes can be factored using equations.

» Polynomials containing fractional and negative exponents can be factored by pulling out a GCF.

Glossary

factor by grouping a method for factoring a trinomial of the form ax? + bz + c by dividing the x term into
the sum of two terms, factoring each portion of the expression separately, and then factoring out the
GCF of the entire expression

greatest common factor the largest polynomial that divides evenly into each polynomial
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INTRODUCTION TO RATIONAL EXPRESSIONS

By the end of this section, you will be able to:

Simplify rational expressions.

Multiply and divide rational expressions.

Find the least common denominator of two rational expressions.
Add and subtract rational expressions.

Simplify complex rational expressions.

A pastry shop has fixed costs of $280 per week and variable costs of $9 per box of pastries. The shop’s
costs per week in terms of x, the number of boxes made, is 280 + 9x. We can divide the costs per week by
the number of boxes made to determine the cost per box of pastries.

280+9zx
x

Notice that the result is a polynomial expression divided by a second polynomial expression. In this section,
we will explore quotients of polynomial expressions.
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MULTIPLYING AND DIVIDING RATIONAL
EXPRESSIONS

LEARNING OUTCOMES
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» Simplify rational expressions.
» Multiply and divide rational expressions.

Simplifying Rational Expressions

The quotient of two polynomial expressions is called a rational expression. We can apply the properties of
fractions to rational expressions such as simplifying the expressions by canceling common factors from the
numerator and the denominator. To do this, we first need to factor both the numerator and denominator. Let’s
start with the rational expression shown.

z’+8z+16
z2+11z+28
. . . 4)?
We can factor the numerator and denominator to rewrite the expression as %

Then we can simplify the expression by canceling the common factor (z + 4) to get i—i‘;

HOW TO: GIVEN A RATIONAL EXPRESSION, SIMPLIFY IT

1. Factor the numerator and denominator.
2. Cancel any common factors.

EXAMPLE: SIMPLIFYING RATIONAL EXPRESSIONS

z2-9
z24+4x+3°

Simplify
Answer
(z+3)(z—3)
(z+3)(z+1)

z—3
z+1

Factor the numerator and the denominator.

Cancel common factor (z + 3).

Analysis of the Solution

We can cancel the common factor because any expression divided by itself is equal to 1.

Q&A

Can the 22 term be cancelled in the above example?

No. A factor is an expression that is multiplied by another expression. The x* term is not a factor of the
numerator or the denominator.

TRYIT

. . -6
Simplify ——.
Answer
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1
z+6

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=63

Multiplying Rational Expressions

RECALL MULTIPLYING FRACTIONS

To multiply fractions, multiply the numerators and place them over the product of the denominators.
a c ac

b d bd
It is helpful to factor the numerator and denominator and cancel common factors before multiplying terms
together.

Multiplication of rational expressions works the same way as multiplication of any other fractions. We
multiply the numerators to find the numerator of the product, and then multiply the denominators to find the
denominator of the product. Before multiplying, it is helpful to factor the numerators and denominators just
as we did when simplifying rational expressions. We are often able to simplify the product of rational
expressions.

HOW TO: GIVEN TWO RATIONAL EXPRESSIONS, MULTIPLY THEM

1. Factor the numerator and denominator.
2. Multiply the numerators.

3. Multiply the denominators.

4. Simplify.

EXAMPLE: MULTIPLYING RATIONAL EXPRESSIONS

Multiply the rational expressions and show the product in simplest form:
2’ +4z—5 L 2z-1
3z+18 z+5

Answer

(z+5)(z—1) . (2z-1)
3(z+6) (z+5)

Factor the numerator and denominator.

(z+5)(z—1)(2z—1)
3(z+6)(z+5)

(p#5) (z-1)(2z-1)
3(x+6) (z+5)

(2-1)(22-1)
3(z+6)

Multiply numerators and denominators.

Cancel common factors to simplify.

TRY IT

Multiply the rational expressions and show the product in simplest form:
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?+112430 | z’+T7x+12
2245246 z2+8z+16

Answer
(z+5)(z+6)
(z+2)(z+4)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=63

Dividing Rational Expressions

RECALL DIVIDING FRACTIONS

To divide fractions, multiply the first by the reciprocal of the second.
a ,c a d ad

b d b ¢ b
Remember to factor first and cancel common factors in the numerator and denominator before multiplying
individual terms together.

Division of rational expressions works the same way as division of other fractions. To divide a rational
expression by another rational expression, multiply the first expression by the reciprocal of the second.

Using this approach, we would rewrite - + L; as the product - - 5. Once the division expression has
been rewritten as a multiplication expression, we can multiply as we did before.
1.3 3

Tz g2 x3

HOW TO: GIVEN TWO RATIONAL EXPRESSIONS, DIVIDE THEM

1. Rewrite as the first rational expression multiplied by the reciprocal of the second.
2. Factor the numerators and denominators.

3. Multiply the numerators.

4. Multiply the denominators.

5. Simplify.

EXAMPLE: DIVIDING RATIONAL EXPRESSIONS

Divide the rational expressions and express the quotient in simplest form:

2z +z—6 . 224
z2—-1 " 2242z+1
Answer
222 4z—6 2242+l . . RT . .
pes miii Rewrite as the first fraction multiplied by the reciprocal of the second fracti

(22-3) (z+7) . (1) (2+1)
(AT (2-1)  (pF7) (z-2)

Factor and cancel common factors.

CanCae) Multiply numerators and denominators.
(z—1)(z—2)

22%+5z+3 . .

T 3ery Simplify.

TRY IT
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Divide the rational expressions and express the quotient in simplest form:
9z2-16 . 3z*-2z-8
322417228 ° xz2+4+b5x—14

Answer
1

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=63
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ADDING AND SUBTRACTING RATIONAL
EXPRESSIONS

LEARNING OUTCOMES

» Find the least common denominator of two rational expressions.
» Add and subtract rational expressions.
» Simplify complex rational expressions.

Adding and subtracting rational expressions works just like adding and subtracting numerical fractions. To
add fractions, we need to find a common denominator. Let’s look at an example of fraction addition.
5 1 25 3
20720 ~ 120 120
28
120
7

30
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HOW DID WE KNOW WHAT NUMBER TO USE FOR THE DENOMINATOR?

In the example above, we rewrote the fractions as equivalent fractions with a common denominator of
120. Recall that we use the least common multiple of the original denominators.

To find the LCM of 24 and 40, rewrite 24 and 40 as products of primes, then select the largest set of each
prime appearing.

24=23.3

40=2%.5

We choose 22 - 3 - 5 = 120 as the LCM, since that's the largest number of factors of 2, 3, and 5 we see.
The LCM is 120.

We multiply each numerator with just enough of the LCM to make each denominator 120 to get the
equivalent fractions.

When referring to fractions, we call the LCM the least common denominator, or the LCD.

We have to rewrite the fractions so they share a common denominator before we are able to add. We must do the same thing when adding
or subtracting rational expressions.

The easiest common denominator to use will be the least common denominator or LCD. The LCD is the
smallest multiple that the denominators have in common. To find the LCD of two rational expressions, we
factor the expressions and multiply all of the distinct factors. For instance, if the factored denominators were
(x +3)(x +4)and (z + 4) (z + 5), then the LCD would be (z + 3) (z + 4) (z + 5).

Once we find the LCD, we need to multiply each expression by the form of 1 that will change the
denominator to the LCD. We would need to multiply the expression with a denominator of (x + 3) (z + 4) by

5 3
z 1 - and the expression with a denominator of (z + 4) (z + 5) by z 1 3"

HOW TO: GIVEN TWO RATIONAL EXPRESSIONS, ADD OR SUBTRACT
THEM

1. Factor the numerator and denominator.

2. Find the LCD of the expressions.

3. Multiply the expressions by a form of 1 that changes the denominators to the LCD.
4. Add or subtract the numerators.

5. Simplify.

Simplifying Complex Rational Expressions

A complex rational expression is a rational expression that contains additional rational expressions in the
numerator, the denominator, or both. We can simplify complex rational expressions by rewriting the
numerator and denominator as single rational expressions and dividing. The complex rational expression

a
can be simplified by rewriting the numerator as the fraction 1 and combining the expressions in the

= +
- C
° 1+5b
denominator as : c. We can then rewrite the expression as a multiplication problem using the reciprocal
a b a
of the denominator. We get — - which is equal to .
T T+be W T e
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EXAMPLE: ADDING RATIONAL EXPRESSIONS

Add the rational expressions:

5
=+
€T

< | o

Answer

First, we have to find the LCD. In this case, the LCD will be zy. We then multiply each expression by the
appropriate form of 1 to obtain zy as the denominator for each fraction.

5 6 =
59,6 ¢
T Yy Yy
5 6
_y_|__$
zy Ty

Now that the expressions have the same denominator, we simply add the numerators to find the sum.
6z + 5y

Ty

Analysis of the Solution

Multiplying by y or 2 does not change the value of the original expression because any number divided
y €T

by itself is 1, and multiplying an expression by 1 gives the original expression.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=64
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EXAMPLE: SUBTRACTING RATIONAL EXPRESSIONS

Subtract the rational expressions:

6 2
2?2 +4r+4 224
Answer
6 2
(m—|—2)2 - (z+2)(z—2) Factor.
6 z—2 2 z+2

(z+ 2)2 T _9 @+2) (z—2) T 12 Multiply each fraction to get the LCD as the denominat

6 (z — 2) 2 (z+2) )
@+2° (-2 (2+2)°(z—2) Multiply.
6z — 12 — (22 + 4)

(z+2) (@—2)

Apply distributive property.

4 — 16
(z+ 2)2 (z —2) Subtract.
4(xz—4) o
(z+ 2)2 (z —2) Simplify.
Q&A

Do we have to use the LCD to add or subtract rational expressions?
No. Any common denominator will work, but it is easiest to use the LCD.

TRY IT
. . 1
Subtract the rational expressions: — .
z+5 x—-3
Answer
2(x—T7)
(x+5)(z—3)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=64

HOW TO: GIVEN A COMPLEX RATIONAL EXPRESSION, SIMPLIFY IT

1. Combine the expressions in the numerator into a single rational expression by adding or subtracting.

2. Combine the expressions in the denominator into a single rational expression by adding or
subtracting.

3. Rewrite as the numerator divided by the denominator.
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4. Rewrite as multiplication.
5. Multiply.
6. Simplify.

EXAMPLE: SIMPLIFYING COMPLEX RATIONAL EXPRESSIONS

v+ —
Simplify: L

T
Y
Answer

Begin by combining the expressions in the numerator into one expression.

Y- T L Multiply by Zto get LCD as denominator.
T T L

T 1
ay |

x x
xy+1
x

Add numerators.

Now the numerator is a single rational expression and the denominator is a single rational expression.

zy+1
x
z
Y
We can rewrite this as division and then multiplication.
zy+1 =z
z )
1
wyrl Y Rewrite as multiplication.
T T
YYD\ nasiply.
22
TRY IT
zr_Y
Simplify: 4~
Answer
2?2 — 42
zy?

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=64
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Q&A

Can a complex rational expression always be simplified?
Yes. We can always rewrite a complex rational expression as a simplified rational expression.
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SUMMARY: RATIONAL EXPRESSIONS

Key Concepts

Rational expressions can be simplified by canceling common factors in the numerator and denominator.
» We can multiply rational expressions by multiplying the numerators and multiplying the denominators.
To divide rational expressions, multiply by the reciprocal of the second expression.

Adding or subtracting rational expressions requires finding a common denominator.

« Complex rational expressions have fractions in the numerator or the denominator. These expressions
can be simplified.

Glossary

least common denominator the smallest multiple that two denominators have in common

rational expression the quotient of two polynomial expressions
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At the beginning of the module, we discussed a hypothetical furniture company that manufactures and sells
a certain kind of chair at $40. Let’s recall the revenue (R), cost (C) and profit (P) formulas in terms of the
number of chairs sold (z). We will write each one in standard form.

R =40z
C = 0.001z2 + 252 + 10,000
P = -0.001z2 + 15z — 10,000

Each of these three formulas is a polynomial. The revenue is degree 1, while the cost and profit are both
degree 2.

Now suppose our company also makes tables to go with the chairs priced at
$150. The revenue for making and selling  tables would then be R = 150z.
Materials for the table cost $80 per unit. If our factory is already making chairs,
then there is no need to count the fixed costs again in table production costs, so
our total cost formula for x tables is:

C = 0.002z2 + 80x

The degree 2 term comes from some additional analysis of the costs. Don’t
- worry about where this term comes from; instead, think of it as a given quantity.
150.0 For simplicity, we’re going to assume that tables and chairs are sold as a set

i (one table and one chair per set). What is the total profit generated when 100
sets are built and sold? What about 200?

Because each set consists of one table and one chair, the total revenue generated by selling = sets can be
found by adding the revenue polynomials.

R = 40z 4 150z = 190z

Furthermore, the total costs of manufacturing x sets is found by adding the cost polynomials.
C = (0.001z2 + 25z + 10,000) + (0.002z* + 80x)

C = 0.003z% + 105z + 10, 000

Finally, we find the profit by subtracting polynomials, P = R — C'. Don't forget to distribute the minus sign
and then collect like terms.

P =190z — (0.003z2 + 105z + 10, 000)

P =190z — 0.003z2 — 105z — 10, 000

P = —0.0032% + 85z — 10, 000

So how much profit results from making and selling 100 sets? Plug in = 100 to find out.

P= —0.003(100)2 + 85 (100) — 10,000 = —1530

That negative value means that we lost $1,530 on this project! But if you think about it, this result probably
means we just haven’'t made enough of our product to cover the fixed costs. Let’s see if increasing the

production helps our bottom line. What is the profit in making and selling 200 table-chair sets?

P = —0.003(200)2 + 85 (200) — 10,000 = 6880
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This time our company has made $6,880 in profit. Not bad for one month of work. But let’s dig a little deeper.
What is the average profit per set? First set up the formula (which is an example of a rational function).

P —0.003z2+852—10,000

T T

For example, the average profit when = = 200 is:

—0.003(200)2+85(200)—10,000 6880 34.4

200 200

That means that we are making roughly $34.40 in profit per set. Below you can see how the average profit
changes when more sets are produced and sold. About how many sets would we have to make in order to
get the most average profit?

Number of sets  Average profit per set %

200 $34.40
400 $58.80
600 $66.53
800 $70.10
1000 $72.00
1200 $73.07
1400 $73.66
1600 $73.95
1800 $74.04
2000 $74.00
2200 $73.85

Table shows the correlation between the number of sets sold and the profit per set.

According to our table, the highest average profit of $74.04 occurs when roughly 1800 sets are produced
and sold. Looks like we need to increase production!
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MODULE 3: THE RECTANGULAR
COORDINATE SYSTEM AND
EQUATIONS OF LINES

WHY IT MATTERS: THE RECTANGULAR
COORDINATE SYSTEM AND EQUATIONS OF
LINES

Why Learn about the Rectangular Coordinate System?

Caroline is a full-time college student planning a spring break vacation. To earn enough money for the trip,
she has taken a part-time job at the local bank that pays $15.00/hr, and she opened a savings account with
an initial deposit of $400 on January 15. She arranged for direct deposit of her payroll checks. If spring
break begins March 20 and the trip will cost approximately $2,500, how many hours will she have to work to
earn enough to pay for her vacation? If she can only work 4 hours per day, how many days per week will she
have to work? How many weeks will it take? In this section, we will investigate problems like this and others
which generate graphs like the line in the figure below.

!
3000+

2500
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1000+

Savings Account Balance

5004

} } t f t i t } t =X
0 20 40 60 80 100 120 140 160 180 200
Hours Worked

LEARNING OUTCOMES
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Review Topics

» Use properties of equality to isolate variables and solve algebraic equations

Solve equations containing absolute value

Use the properties of equality and the distributive property to solve equations containing parentheses
Clear fractions and decimals from equations to make them easier to solve

Identify equations that have one solution, no solution, or an infinite number of solutions

» Recognize when a linear equation that contains absolute value does not have a solution

Points and Lines in the Plane

» Define the components of the Cartesian coordinate system.

» Plot points on the Cartesian coordinate plane.

» Use the distance formula to find the distance between two points in the plane.
+ Use the midpoint formula to find the midpoint between two points.

» Plot linear equations in two variables on the coordinate plane.

« Use intercepts to plot lines.

» Use a graphing utility to graph a linear equation on a coordinate plane.

Equations of Lines

» Use slope-intercept form to plot and write equations of lines.

Use point-slope form to write the equation of a line.

Write the equation of a line in standard form.

Recognize vertical and horizontal lines from their graphs and equations.
Determine whether two lines are parallel or perpendicular.

Find the equations of parallel and perpendicular lines.

Write the equations of lines that are parallel or perpendicular to a given line.
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REVIEW TOPICS FOR SUCCESS

By the end of this section, you will be able to:

» Use properties of equality to isolate variables and solve algebraic equations

Solve equations containing absolute value

Use the properties of equality and the distributive property to solve equations containing parentheses
Clear fractions and decimals from equations to make them easier to solve

Identify equations that have one solution, no solution, or an infinite number of solutions

Recognize when a linear equation that contains absolute value does not have a solution

We begin our exploration of the coordinate plane and equations of lines with a review of the properties of
equality that permit us to solve equations like z + 7 = 9. We can just look at that equation and see that
must be 2, since 2 is the number we add to 7 to obtain 9.
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You can solve equations like these in your head quickly, but other equations are more complicated. Multi-
step equations, ones that take several steps to solve, can still be simplified and solved by applying basic
algebraic rules such as the multiplication and addition properties of equality.

In this section we will explore methods for solving multi-step equations that contain grouping symbols and
several mathematical operations. We will also learn techniques for solving multi-step equations that contain
absolute values. Finally, we will learn that some equations have no solutions, while others have an infinite
number of solutions.

Warm up for this module by refreshing these important concepts and skills. As you study these review
topics, recall that you can also return to Module 1 Algebra Essentials any time you need to refresh the
basics.

RECALL FOR SUCCESS

Look for red boxes like this one throughout the module. They’ll show up just in time to give
helpful reminders of the math you’ll need, right where you’ll need it.
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MULTI-STEP EQUATIONS

» Use properties of equality to isolate variables and solve algebraic equations
» Solve equations containing absolute value

Use Properties of Equality to Isolate Variables and Solve
Algebraic Equations

REVIEW TERMINOLOGY: EXPRESSIONS

Recall that a mathematical expression consists of terms connected by addition or subtraction, each term
of which consists of variables and numbers connected by multiplication or division.

« variables: variables are symbols that stand for an unknown quantity; they are often represented with
letters, like x, y, or z.

» coefficient: Sometimes a variable is multiplied by a number. This number is called the coefficient of
the variable. For example, the coefficient of 3z is 3.

« term: a single number, or variables and numbers connected by multiplication. —4, 6z and z? are all
terms.

« expression: groups of terms connected by addition and subtraction. 222 — 5 is an expression.
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An equation is a mathematical statement of the equivalency of two expressions.. An equation will always
contain an equal sign with an expression on each side. Think of an equal sign as meaning “the same as.”

Some examples of equations are y = mx + b, 3o r,and 2(6 —d) + f(3+ k) = %d.

The following figure shows how coefficients, variables, terms, and expressions all come together to make
equations. In the equation 2z — 32 = 10z, the variable is z, a coefficient is 10, a term is 10z, an expression
is 2z — 32.

Equation
A

s N
Variable
AN
2X —3%=10x
comient
Expression ——
Term

There are some equations that you can solve in your head quickly. For example, what is the value of yin
the equation 2y = 6? Chances are you didn’t need to get out a pencil and paper to calculate that y = 3. You
only needed to do one thing to get the answer: divide 6 by 2.

1 1
Other equations are more complicated. Solving 4 (§t + 5) = 6 without writing anything down is difficult!

That is because this equation contains not just a variable but also fractions and terms inside parentheses.
This is a multi-step equation, one that takes several steps to solve. Although multi-step equations take
more time and more operations, they can still be simplified and solved by applying basic algebraic rules.

Remember that you can think of an equation as a balance scale, with the goal being to rewrite the equation
so that it is easier to solve but still balanced. The addition property of equality and the multiplication
property of equality explain how you can keep the scale, or the equation, balanced. Whenever you perform
an operation to one side of the equation, if you perform the same exact operation to the other side, you will
keep both sides of the equation equal.

If the equation is in the form ax + b = ¢, where x is the variable, you can solve the equation as before. First
“undo” the addition and subtraction and then “undo” the multiplication and division.

Solve 3y + 2 = 11.
Answer

Subtract 2 from both sides of the equation to get the term with the variable by itself.

y+2 = 11
-2 =2
3y = 9

Divide both sides of the equation by 3 to get a coefficient of 1 for the variable.

3y = 9

3 3
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Solve 3z +5x +4—x + 7 =88.
Answer

There are three like terms involving a variable: 3z, 5z, and —z. Combine these like terms. 4 and 7 are
also like terms and can be added.

3z+5x+4—xz+7= 88
Tr+11 = 88

The equation is now in the form az 4+ b = ¢, so we can solve as before.

Subtract 11 from both sides.

Tr+11 = 88
—-11 —11
Tz = 77

Divide both sides by 7.

Some equations may have the variable on both sides of the equal sign, as in this equation:
4 — 6 = 2z + 10.

To solve this equation, we need to “move” one of the variable terms. This can make it difficult to decide
which side to work with. It does not matter which term gets moved, 4z or 2z; however, to avoid negative
coefficients, you can move the smaller term.

In this video, we show an example of solving equations that have variables on both sides of the equal sign.

Solving Multi-Step Equations With Absolute Value

We can apply the same techniques we used for solving a one-step equation which contained absolute value
to an equation that will take more than one step to solve. Let us start with an example where the first step is
to write two equations, one equal to positive 26 and one equal to negative 26.
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EXAMPLES

Solve: 4z — 6 = 2z + 10

Answer

Choose the variable term to move—to avoid negative terms choose 2z
4dr — 6 =2z + 10

—2z — 2z
4z — 6 =10
Now add 6 to both sides to isolate the term with the variable.
4r — 6 =10
+6 +6
2z =16

Now divide each side by 2 to isolate the variable x.
2z 16

2 7 2

r=2_8

Solving Multi-Step Equations

|| Solve 7x — 2 = 3x + 18.

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=70

Solve for p. |2p—4| = 26
Answer

Write the two equations that will give an absolute value of 26.
2p —4 =126 or 2p—4= —-26

Solve each equation for p by isolating the variable.
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2p — 4 = 26 2p— 4= —26

+4 +4 +4  +4
2p =30 2p = 22
2 2 2 2
p=15 or p= —11

Check the solutions in the original equation.

12p — 4| = 26 12p — 4| = 26
2(15) —4| =26 [2(—11) — 4| = 26
30 — 4| = 26 |—22 — 4| = 26
26| = 26 |—26| = 26

Both solutions check!

In the next video, we show more examples of solving a simple absolute value equation.

Examples: Absolute Value Equations
2% —3] =12 11— 3x| = -2
iz =12 [41a] =12

ax-3412 or Qz;g; 2
-+ 432 +3

-5 =
Hl="T

5 5
Z

X-= P2

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=70

Now let us look at an example where you need to do an algebraic step or two before you can write your two
equations. The goal here is to get the absolute value on one side of the equation by itself. Then we can
proceed as we did in the previous example.

Solve for w. 3 [4w-1|-5 =10
Answer

Isolate the term with the absolute value by adding 5 to both sides.
34w —1]-5=10
+5 45
34w —1] =15
Divide both sides by 3. Now the absolute value is isolated.

34w -1 =15
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3 3
[dw—1| = 5

Write the two equations that will give an absolute value of 5 and solve them.

w—-1=5 or qw—1= -5

+1 +1 +1 +1
dw = 6 4w =4
4 4 4 4
_3 _
w= 5 w=-—1
_3
w= g or -1

Check the solutions in the original equation.

3dw—1|—5=10 3dw—1|-5=10

3‘4(%)—1‘—5:10 3/dw—1]—5=10

3‘% —1‘—5:10 3|4(~1) —1|—5=10

3/6-1|—5=10 3|-4—1|-5=10
3(5)—5=10 3|-5/—5=10
15— 5=10 15— 5=10

10 = 10 10 =10

Both solutions check!

In the two videos that follow, we show examples of how to solve an absolute value equation that requires
you to isolate the absolute value first using mathematical operations.

Examples: Absolute Value Equations

Solve. 6]2x + 3| +F =63
—§ =3

dx+3| = ko
7 -

|2xe3|l = 1D

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=70
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Examples: Absolute Value Equations

Solve. g 2[5x + 8| = 13
£ gif <

_-&J.“' |su+3] = =¥

3 -

|'5x+3i= 9 {=l=%

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=70
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SOLVE EQUATIONS WITH THE DISTRIBUTIVE
PROPERTY

» Use the properties of equality and the distributive property to solve equations containing parentheses
» Clear fractions and decimals from equations to make them easier to solve

The Distributive Property

As we solve linear equations, we often need to do some work to write the linear equations in a form we are
familiar with solving. This section will focus on manipulating an equation we are asked to solve in such a
way that we can use the skills we learned for solving multi-step equations to ultimately arrive at the solution.

If an equation you encounter contains parentheses, you’ll need to clear them from the equations before

attempting to combine like terms. To clear parentheses from an equation, use the distributive property to
multiply the number in front of the parentheses by each term inside of the parentheses. If the number in front
of the parentheses is negative, multiply the negative against each term inside the parentheses.

THE DISTRIBUTIVE PROPERTY OF MULTIPLICATION
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For all real numbers a, b, and ¢, a(b + ¢) = ab + ac.

What this means is that when a number multiplies an expression inside parentheses, you can distribute
the multiplication to each term of the expression individually. Then, you can follow the steps we have
already practiced to isolate the variable and solve the equation.

Solve for a. 4 (2a + 3) = 28
Answer

Apply the distributive property to expand 4 (2a + 3) to 8a + 12

4(2a+3) =28
8a + 12 = 28

Subtract 12 from both sides to isolate the variable term.

8a+12 = 28
-12 —-12
8a = 16

Divide both terms by 8 to get a coefficient of 1.

8a =16
8 8
a= 2

In the video that follows, we show another example of how to use the distributive property to solve a multi-
step linear equation.

Solving Multi-Step Equations

/73 ()
|l Solve 4(2m —8) = 24

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=71

In the next example, there are parentheses on both sides of the equal sign. To clear them, you’ll need to use
the distributive property on both sides of the equation.
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Solve fort. 2 (4t —5) = -3 (2t + 1)
Answer

Apply the distributive property to expand 2 (4t — 5) to 8¢ — 10 and —3 (2t + 1) to—6t — 3. Be careful in
this step—you are distributing a negative number, so keep track of the sign of each number after you

multiply.

2(4t —5) = —3(2t+1)
8t — 10 = —6t — 3

Add 6t to both sides to begin combining like terms.

8 — 10 = —6t — 3
+6¢ + 6t

14t —-10= -3

Add 10 to both sides of the equation to isolate t.

14t —10 = -3
+10 +10
14t = 7

The last step is to divide both sides by 14 to completely isolate t.

14t 7

14 14

DO =

We simplify the fraction % into the final answer of t =

Watch the following video for a demonstration of how to solve a multi-step equation with two sets of
parentheses.

| [racr—— Solving Multi-Step Equations

(B ] [ e
—— — o T o
t,.‘.? |l Solve 3(2t—8)=—2(t + 2)

C——— R ; ~ A+

; T

e 7

| =1 s it [t

| -+

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=71

Clearing Fractions and Decimals from Equations
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Sometimes, you will encounter a multi-step equation containing fractions. Before attempting to solve the
equation, first use the multiplication property of equality to multiply both sides of the equation by a common
denominator of all of the fractions in the equation. This will clear all the fractions out of the equation. See the
example below.

Solve %:1: -3=2- %:z: by clearing the fractions in the equation first.

Answer

Multiply both sides of the equation by 4, the common denominator of the fractional coefficients.

Use the distributive property to expand the expressions on both sides. Multiply.
1 3
4 (Em) —4(3)=4(2) -4 (—Zx)

%w—12:8—%x

2¢ — 12 =8 — 3z
Add 3x to both sides to move the variable terms to only one side.

2z — 12 =8 — 3z
+3x + 3z

5 — 12 =28

Add 12 to both sides to move the constant terms to the other side.

5 —12 =28
+12 + 12
5 = 20

Divide to isolate the variable.

Sz =20
5 5
=4

It is acceptable to simply do the operations on the fractions without clearing them first, but the technique
used here will apply to more complicated situations you’ll encounter later, so it is worthwhile to practice it.

Watch the following video for a demonstration of how to solve a multi-step equation containing fractions by
using the least common denominator to clear the fractions first.
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Solving Multi-Step Equations

T

| i | 3 1
| e = Sove=x—=6=4—-x.
|57 _ i 2

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=71

Regardless of which method you use to solve equations containing variables, you will get the same answer.
You can choose the method you find the easiest. Remember to check your answer by substituting your
solution into the original equation.

Sometimes, you will encounter a multi-step equation with decimals. To clear the decimals from the equation,
use the multiplication property of equality to multiply both sides of the equation by a a factor of 10 that will
help clear the decimals. See the example below.

Solve 3y + 10.5 = 6.5 + 2.5y by clearing the decimals in the equation first.
Answer

Since the smallest decimal place value represented in the equation is 0.10, we want to multiply by 10 to
clear the decimals from the equation.

3y+10.5=6.5+ 2.5y

10 (3y + 10.5) = 10 (6.5 + 2.5y)

Use the distributive property to expand the expressions on both sides.
10 (3y) + 10(10.5) = 10 (6.5) + 10 (2.5y)

Multiply.

30y + 105 = 65 + 25y

Move the smaller variable term, 25y, by subtracting it from both sides.

30y + 105 = 65 + 25y
—25y — 25y

5y + 105 = 65

Subtract 105 from both sides to isolate the term with the variable.

5y + 105 = 65
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—105 — 105
S5y = —40

Divide both sides by 5 to isolate the y.

5y = —40
5 5
y=-8

Watch the following example to see how to clear decimals first to solve a multi-step linear equation
containing decimals.

Solving Multi-Step Equations

HE

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=71

Here are some steps to follow when you solve multi-step equations.

SOLVING MULTI-STEP EQUATIONS

1. (Optional) Multiply to clear any fractions or decimals.

2. Simplify each side by clearing parentheses and combining like terms.

3. Add or subtract to isolate the variable term—you may have to move a term with the variable.
4. Multiply or divide to isolate the variable.

5. Check the solution.

Complex, multi-step equations often require multi-step solutions. Before you can begin to isolate a variable,
you may need to simplify the equation first. This may mean using the distributive property to remove
parentheses or multiplying both sides of an equation by a common denominator to get rid of fractions.
Sometimes it requires both techniques. If your multi-step equation has an absolute value, you will need to
solve two equations, sometimes isolating the absolute value expression first.
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CLASSIFY SOLUTIONS TO LINEAR EQUATIONS

» Solve equations that have one solution, no solution, or an infinite number of solutions
+ Recognize when a linear equation that contains absolute value does not have a solution

There are three cases that can come up as we are solving linear equations. We have already seen one,
where an equation has one solution. Sometimes we come across equations that do not have any solutions
and even some that have an infinite number of solutions.

Equations with No Solutions

Solve for x. 12 + 22— 8 = 7z + 5—bx
Answer

Combine like terms on both sides of the equation.

12+2x—8=T7Tx+5— 5z
2c+4=2x+5

Isolate the x term by subtracting 2x from both sides.

2c+4=2x+5
—2x — 2
4=175

This false statement implies there are no solutions to this equation. Sometimes, we say the solution
does not exist, or DNE for short.

In the example above, a solution was not obtained. Using the the properties of equality to isolate the variable
resulted instead in the false statement 4 = 5. Certainly, 4 is not equal to 5.

Note that in the second line of the solution above, the statement 2z + 4 = 2z + 5 was obtained after
combining like terms on both sides. If we examine that statement carefully, we can see that it was false even
before we attempted to solve it. It would not be possible for the quantity 2a with 4 added to it to be equal to
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the same quantity 2z with 5 added to it. The two sides of the equation do not balance. Since there is no
value of x that will ever make this a true statement, we say that the equation has no solution.

Be careful that you do not confuse the solution = 0 with no solution. The solution £ = 0 means that the
value 0 satisfies the equation, so there is a solution. To say that a statement has no solution means that
there is no value of the variable, not even 0, which would satisfy the equation (that is, make the original
statement true).

Try solving these equations. How many steps do you need to take before you can tell whether the
equation has no solution or one solution?

a)Solve 8y =3(y+4)+y

Use the textbox below to record how many steps you think it will take before you can tell whether there is
no solution or one solution.

Answer

Solve 8y =3(y+4) +y

First, distribute the 3 into the parentheses on the right-hand side.
8y=3y+12+y

Next, begin combining like terms.

8y =4y + 12

Now move the variable terms to one side. Moving the 4y will help avoid a negative sign.

8y =4y + 12
4y — 4y
4y =12

Now, divide each side by 4y.

y 12
4 ~ 4
y=3

Because we were able to isolate y on one side and a number on the other side, we have one solution to
this equation.

b) Solve 2 (3z —5) — 4z =2z + 7

Use the textbox below to record how many steps you think it will take before you can tell whether there is
no solution or one solution.

Answer
Solve 2 (3x — 5) — 4z =2z + 7.

First, distribute the 2 into the parentheses on the left-hand side.

6r—10—4x =22+ 7
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Now begin simplifying. You can combine the x terms on the left-hand side.
20 —10=22+7

Now, take a moment to ponder this equation. It says that 22 — 10 is equal to 2z + 7. Can some number
times two minus 10 be equal to that same number times two plus seven?

Pretend z = 3.

Is it true that 2 (3) — 10 = —4 is equal to 2 (3) + 7 = 13. NO! We do not even really need to continue
solving the equation, but we can just to be thorough.

Add 10 to both sides.

20 —10=2z+ 7
+10 + 10
20 =2 + 17

Now subtract 2z from both sides.

20 =2z + 17
—2r — 2z
0=17

We know that 0 and 17 are not equal, so there is no number that x could be to make this equation true.

This false statement implies there are no solutions to this equation, or DNE (does not exist) for short.

Equations with Many Solutions

You have seen that if an equation has no solution, you end up with a false statement instead of a value for x.
It is possible to have an equation where any value for x will provide a solution to the equation. In the
example below, notice how combining the terms bx and —4x on the left leaves us with an equation with
exactly the same terms on both sides of the equal sign.

Solve for x. 5z + 3—-4x =3+ x
Answer
Combine like terms on both sides of the equation.

br+3—4r=3+zx
zt+3=3+=z

Isolate the x term by subtracting x from both sides.
z+3=3+=c
—x —

3 =3

This true statement implies there are an infinite number of solutions to this equation, or we can also write
the solution as “All Real Numbers”
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When solving, the true statement “3 = 3” was obtained. When solving an equation reveals a true statement
like this, it means that the solution to the equation is all real numbers, that is, there are infinitely many

solutions. Try substituting z = 0 into the original equation—you will get a true statement! Try = = -1 It will
also satisfy the equation. In fact any real value of x will make the original statement true.

Indeed, after combining like terms, the equation x 4+ 3 = 3 + x was obtained. It is certainly true that the
quantity z with 3 added to it is equal to 3 with x added to it by the commutative property of addition.

Solve for x. 3 (22 — 5) = 6z — 15
Answer

Distribute the 3 through the parentheses on the left-hand side.

3(2¢ —5) =6z — 15
6z — 15 = 6z — 15

Wait! This looks just like the previous example. You have the same expression on both sides of an equal
sign. No matter what number you choose for x, you will have a true statement. We can finish the algebra:

6x — 15 =6z — 15
—6x — 6x

—-15 = —15

This true statement implies there are an infinite number of solutions to this equation.

Watch the following video for demonstrations of equations with no solutions and infinitely many solutions.

Classifying Solutions to Linear Equations
= e

Solve9+4x — 5 = Bxr —4x +14.

Sobving Multl-Step Equatiam ‘

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=72

The next video demonstrates equations with no or infinitely many solutions involving parentheses.

Absolute Value Equations with No Solutions

As we are solving absolute value equations, it is important to be aware of special cases. An absolute value
is defined as the distance of a number from 0 on a number line, so the absolute value of a number must be
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Classifying Solutions to Linear Equations

[ -
I Solve 12x = 1B = _ﬁti ¥ - 6)

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=72

a positive. When an absolute value expression is given to be equal to a negative number, we say the
equation has no solution (DNE, for short). Notice how this happens in the next two examples.

Solve for x. 7+ |2z — 5| = 4
Answer

Notice absolute value is not alone. Subtract 7 from each side to isolate the absolute value.
7+ |2z —5|=4
-7 -7

|2z — 5| = -3

Result of absolute value is negative! The result of an absolute value must always be positive, so we say
there is no solution to this equation, or DNE.

Solve for x. —%|m +3/=6
Answer

Notice absolute value is not alone. Multiply both sides by the reciprocal of — % which is —2.

—%m+$:6

(~2) — 3lo+3) = (-2)6

|z + 3| = —12

Again, we have a result where an absolute value is negative!

There is no solution to this equation, or DNE.

In this last video, see show more examples of absolute value equations that have no solutions.
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| Classifyving Solutions to Absolute Value Equations
| [ e ]

! Solvell +|3x 4+ 2] =8

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=72

We have seen that solutions to equations can fall into three categories:

1. exactly one solution;
2. no solution (also called DNE for does not exist)); or
3. many solutions (also called infinitely many solutions, or we may say the solution is all real numbers).

Keep in mind that sometimes we do not need to do much algebra to see what the outcome will be.
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SUMMARY: REVIEW

Key Concepts

» The addition and multiplication properties of equality allow the same operation to be performed on both
sides of an equation
» To solve an equation containing an absolute value, first isolate the absolute value then write two

equations: |u| = c and |u| = —c¢
» Use the distributive property to eliminate parentheses in equations before collecting and combining like
terms.

« Use the multiplication property of equality to eliminate fractions from equations by multiplying both sides
by the LCD.

« Eliminate decimals from an equation by multiplying both sides by a sufficient factor of 10.

« Equations may have one unique solution, no solutions, or an infinite number of solutions.
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Glossary

coefficient a number multiplying a variable

equation a mathematical statement of equivalency between two expressions
expression groups of terms connected by addition or subtraction

term a single number, or variables and numbers connected by multiplication

variable a symbol that stands for an unknown quantity, often represented by letters such as z, y, or z.
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INTRODUCTION TO POINTS AND LINES IN
THE COORDINATE PLANE

By the end of this section, you will be able to:

» Define the components of the Cartesian coordinate system.

Plot points on the Cartesian coordinate plane.

Use the distance formula to find the distance between two points in the plane.
Use the midpoint formula to find the midpoint between two points.

Plot linear equations in two variables on the coordinate plane.

Use intercepts to plot lines.

Use a graphing utility to graph a linear equation on a coordinate plane.
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Schiller Avenue

Mannheim
Bertau Road
Avenue
McLean Street
Wolf
Road

North Avenue

Tracie set out from Elmhurst, IL to go to Franklin Park. On the way, she made a few stops to do errands.
Each stop is indicated by a red dot in the figure below. Laying a rectangular coordinate grid over the map,
we can see that each stop aligns with an intersection of grid lines. In this section, we will learn how to use
grid lines to describe locations and changes in locations.
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PLOTTING POINTS ON THE COORDINATE
PLANE

LEARNING OUTCOMES

» Define the components of the Cartesian coordinate system.
» Plot points on the Cartesian coordinate plane.

An old story describes how seventeenth-century philosopher/mathematician René Descartes invented the
system that has become the foundation of algebra while sick in bed. According to the story, Descartes was
staring at a fly crawling on the ceiling when he realized that he could describe the fly’s location in relation to
the perpendicular lines formed by the adjacent walls of his room. He viewed the perpendicular lines as
horizontal and vertical axes. Further, by dividing each axis into equal unit lengths, Descartes saw that it was
possible to locate any object in a two-dimensional plane using just two numbers—the displacement from the
horizontal axis and the displacement from the vertical axis.
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While there is evidence that ideas similar to Descartes’ grid system existed centuries earlier, it was
Descartes who introduced the components that comprise the Cartesian coordinate system, a grid system
having perpendicular axes. Descartes named the horizontal axis the x-axis and the vertical axis the y-axis.

The Cartesian coordinate system, also called the rectangular coordinate system, is based on a two-
dimensional plane consisting of the x-axis and the y-axis. Perpendicular to each other, the axes divide the

plane into four sections. Each section is called a quadrant; the quadrants are numbered counterclockwise
as shown in the figure below.

y-axis
A

Quadrant Il Quadrant |

- - X-axIS

Quadrant Il1 Quadrant IV

Y

The Cartesian coordinate system with all four quadrants labeled.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=75

The center of the plane is the point at which the two axes cross. It is known as the origin or point (0, 0).
From the origin, each axis is further divided into equal units: increasing, positive numbers to the right on the
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x-axis and up the y-axis; decreasing, negative numbers to the left on the x-axis and down the y-axis. The
axes extend to positive and negative infinity as shown by the arrowheads in the figure below.

Each point in the plane is identified by its x-coordinate, or horizontal displacement from the origin, and its y-
coordinate, or vertical displacement from the origin. Together we write them as an ordered pair indicating
the combined distance from the origin in the form (z, y). An ordered pair is also known as a coordinate pair
because it consists of x and y-coordinates. For example, we can represent the point (3, —1) in the plane by
moving three units to the right of the origin in the horizontal direction and one unit down in the vertical
direction.
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An illustration of how to plot the point (3,-1).

When dividing the axes into equally spaced increments, note that the x-axis may be considered separately
from the y-axis. In other words, while the x-axis may be divided and labeled according to consecutive
integers, the y-axis may be divided and labeled by increments of 2 or 10 or 100. In fact, the axes may
represent other units such as years against the balance in a savings account or quantity against cost.
Consider the rectangular coordinate system primarily as a method for showing the relationship between two
quantities.

A GENERAL NOTE: CARTESIAN COORDINATE SYSTEM

A two-dimensional plane where the

* x-axis is the horizontal axis
» y-axis is the vertical axis

A point in the plane is defined as an ordered pair, (z, y), such that x is determined by its horizontal
distance from the origin and y is determined by its vertical distance from the origin.
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EXAMPLE: PLOTTING POINTS IN A RECTANGULAR COORDINATE SYSTEM

Plot the points (—2,4), (3, 3), and (0, —3) in the coordinate plane.

Answer

To plot the point (—2, 4), begin at the origin. The x-coordinate is —2, so move two units to the left. The y-
coordinate is 4, so then move four units up in the positive y direction.

To plot the point (3, 3), begin again at the origin. The x-coordinate is 3, so move three units to the right.
The y-coordinate is also 3, so move three units up in the positive y direction.

To plot the point (0, —3), begin again at the origin. The x-coordinate is 0. This tells us not to move in either
direction along the x-axis. The y-coordinate is —3, so move three units down in the negative y direction.

(=2, 4)

A (3, 3)

Analysis of the Solution

Note that when either coordinate is zero, the point must be on an axis. If the x-coordinate is zero, the point
is on the y-axis. If the y-coordinate is zero, the point is on the x-axis.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=75
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Example: Plotling Points on the Coordinate Plane.

o ey

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=75
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DISTANCE IN THE COORDINATE PLANE

LEARNING OUTCOMES

» Use the distance formula to find the distance between two points in the plane.
» Use the midpoint formula to find the midpoint between two points.

Derived from the Pythagorean Theorem, the distance formula is used to find the distance between two
points in the plane. The Pythagorean Theorem, a? + b% = ¢?, is based on a right triangle where a and b are
the lengths of the legs adjacent to the right angle, and c is the length of the hypotenuse.
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The relationship of sides |z2 — x1| and |y, — y; | to side dis the same as that of sides a and b to side c. We
use the absolute value symbol to indicate that the length is a positive number because the absolute value of
any number is positive. (For example, | — 3| = 3. ) The symbols |z2 — 1| and |y, — y; | indicate that the

lengths of the sides of the triangle are positive. To find the length ¢, take the square root of both sides of the

Pythagorean Theorem.
E=a?+b s c=+va2+b
It follows that the distance formula is given as
&= (22— 21) + (r — 1) = d= /(@2 — @1} + (1 — 1)’

We do not have to use the absolute value symbols in this definition because any number squared is positive.

A GENERAL NOTE: THE DISTANCE FORMULA

Given endpoints (z1,y;) and (z2, y,), the distance between two points is given by

d= \/(5172 a1l + (g — )

In the following video, we present more worked examples of how to use the distance formula to find the
distance between two points in the coordinate plane.

Using the Midpoint Formula

When the endpoints of a line segment are known, we can find the point midway between them. This point is
known as the midpoint and the formula is known as the midpoint formula. Given the endpoints of a line
segment, (z1,y;) and (x2, y,), the midpoint formula states how to find the coordinates of the midpoint M.

— (ntz %ty
M_<2,2)

A graphical view of a midpoint is shown below. Notice that the line segments on either side of the midpoint
are congruent.
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EXAMPLE: FINDING THE DISTANCE BETWEEN TWO POINTS

Find the distance between the points (—3, —1) and (2, 3).

Answer
Let us first look at the graph of the two points. Connect the points to form a right triangle.
y
4t
3t (2. 3)
21

-t — : : ——{
4 32 10 1 2 3 4
/ =3
(-3, -1) (2, 11)
ol

Then, calculate the length of d using the distance formula.

d= /(22— @) + (v —11)°

=/~ (-3)’+ (3~ (-1

TRY IT

Find the distance between two points: (1,4) and (11, 9).
Answer

V125 =5v/5

Determine the length of the segment.
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y
(X2, ¥2)
(Xl + X Y1 +y2)
2 2
(X1, y1)
0 — =X
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EXAMPLE: FINDING THE DISTANCE BETWEEN TWO LOCATIONS

Let’s return to the situation introduced at the beginning of this section.

Tracie set out from Elmhurst, IL to go to Franklin Park. On the way, she made a few stops to do errands.
Each stop is indicated by a red dot. Find the total distance that Tracie traveled. Compare this with the
distance between her starting and final positions.

Answer

The first thing we should do is identify ordered pairs to describe each position. If we set the starting
position at the origin, we can identify each of the other points by counting units east (right) and north (up)
on the grid. For example, the first stop is 1 block east and 1 block north, so it is at (1, 1). The next stop is
5 blocks to the east so it is at (5, 1). After that, she traveled 3 blocks east and 2 blocks north to (8, 3).
Lastly, she traveled 4 blocks north to (8, 7). We can label these points on the grid.

y
[
Schiller Avenue (8.7)
Mannheim
Bertau Road
Avenue
McLean Street (8, 3)
Wolf
Road
North Avenue
Y L 15}, 4L
0o |&D 5.1)
- -X
1

Next, we can calculate the distance. Note that each grid unit represents 1,000 feet.

« From her starting location to her first stop at (1, 1), Tracie might have driven north 1,000 feet and then
east 1,000 feet, or vice versa. Either way, she drove 2,000 feet to her first stop.

 Her second stop is at (5, 1). So from (1,1) to (5, 1), Tracie drove east 4,000 feet.

« Her third stop is at (8, 3). There are a number of routes from (5, 1) to (8, 3). Whatever route Tracie
decided to use, the distance is the same, as there are no angular streets between the two points.
Let’s say she drove east 3,000 feet and then north 2,000 feet for a total of 5,000 feet.

« Tracie’s final stop is at (8, 7). This is a straight drive north from (8, 3) for a total of 4,000 feet.

Next, we will add the distances listed in the table.

From/To Number of Feet Driven
(0,0) to (1,1) 2,000

(1,1) to (5,1) 4,000

(5,1) to (8, 3) 5,000

(8,3) to (8,7) 4,000

Total 15,000
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The total distance Tracie drove is 15,000 feet or 2.84 miles. This is not, however, the actual distance
between her starting and ending positions. To find this distance, we can use the distance formula between
the points (0,0) and (8, 7).

d=1/(8—0)*+ (7 0)?

= 4/64+49
=+/113

= 10.63 units

At 1,000 feet per grid unit, the distance between Elmhurst, IL to Franklin Park is 10,630.14 feet, or 2.01
miles. The distance formula results in a shorter calculation because it is based on the hypotenuse of a
right triangle, a straight diagonal from the origin to the point (8, 7). Perhaps you have heard the saying “as
the crow flies,” which means the shortest distance between two points because a crow can fly in a straight
line even though a person on the ground has to travel a longer distance on existing roadways.

EXAMPLE: FINDING THE MIDPOINT OF THE LINE SEGMENT

Find the midpoint of the line segment with the endpoints (7, —2) and (9, 5).
Answer
Use the formula to find the midpoint of the line segment.

z1t+z2 Y1t _ ([ 1+9 -—245
2 ) 2 - 2 2

= (83)

TRY IT

Find the midpoint of the line segment with endpoints (—2, —1) and (-8, 6).
Answer

(=5, 3)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=76

EXAMPLE: FINDING THE CENTER OF A CIRCLE

The diameter of a circle has endpoints (—1, —4) and (5, —4). Find the center of the circle.
Answer

The center of a circle is the center or midpoint of its diameter. Thus, the midpoint formula will yield the
center point.

z1+T2 Y1t
2 ) 2
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TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=76
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GRAPHING LINEAR EQUATIONS

LEARNING OUTCOMES

» Plot linear equations in two variables on the coordinate plane.
» Use intercepts to plot lines.
» Use a graphing utility to graph a linear equation on a coordinate plane.

We can plot a set of points to represent an equation. When such an equation contains both an x variable
and a y variable, it is called an equation in two variables. Its graph is called a graph in two variables. Any
graph on a two-dimensional plane is a graph in two variables.

Suppose we want to graph the equation y = 2z — 1. We can begin by substituting a value for x into the
equation and determining the resulting value of y. Each pair of x and y-values is an ordered pair that can be
plotted. The table below lists values of x from =3 to 3 and the resulting values for y.

N NN N NN NN
AAABAAA

®R e R e ' e e «
I
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We can plot these points from the table. The points for this particular equation form a line, so we can
connect them. This is not true for all equations.

y

-

B N WA OO N 0

-X

Note that the x-values chosen are arbitrary regardless of the type of equation we are graphing. Of course,
some situations may require particular values of x to be plotted in order to see a particular result. Otherwise,
it is logical to choose values that can be calculated easily, and it is always a good idea to choose values that
are both negative and positive. There is no rule dictating how many points to plot, although we need at least
two to graph a line. Keep in mind, however, that the more points we plot, the more accurately we can sketch
the graph.

HOW TO: GIVEN AN EQUATION, GRAPH BY PLOTTING POINTS

1. Make a table with one column labeled x, a second column labeled with the equation, and a third
column listing the resulting ordered pairs.

2. Enter x-values down the first column using positive and negative values. Selecting the x-values in
numerical order will make graphing easier.

3. Select x-values that will yield y-values with little effort, preferably ones that can be calculated mentally.

4. Plot the ordered pairs.

5. Connect the points if they form a line.

Using Intercepts to Plot Lines in the Coordinate Plane

The intercepts of a graph are points where the graph crosses the axes. The x-intercept is the point where
the graph crosses the x-axis. At this point, the y-coordinate is zero. The y-intercept is the point where the
graph crosses the y-axis. At this point, the x-coordinate is zero.

To determine the x-intercept, we set y equal to zero and solve for x. Similarly, to determine the y-intercept,
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EXAMPLE: GRAPHING AN EQUATION IN TWO VARIABLES BY PLOTTING
POINTS

Graph the equation y = —a + 2 by plotting points.
Answer
First, we construct a table similar to the one below. Choose x values and calculate y.

x y=—c+2 (z,y)

_5 y=—(-5)+2=7 (=5,7)
3 y=—(-3)+2=5 (=3,5)
-1 y=—(-1)+2=3 (—1,3)
0 -(0)+2=2 (0,2)

1 y=—(1)+2=1 (1,1)

3 y=—3)+2=-1 (3,-1)
5 y=—(5)+2=-3 (5,—3)
Now, plot the points. Connect them if they form a line.

y
[

6 5 4 3 310

TRY IT

Construct a table and graph the equation by plotting points: y = %w + 2.
Answer
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x y=173 (z,9)
-2 y=1+ (—-2,1)
-1 v=3 (-1,3)
0 y=13 (0,2)
1 v=3 (1, 3)
2 y=73 (2,3)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=77

we set x equal to zero and solve for y. For example, lets find the intercepts of the equation y = 3z — 1.

To find the x-intercept, set y = 0.

y=3z—1

0=3z -1

1=3z

Ly

(3,0 z-intercept

To find the y-intercept, set z = 0.

y=3z—1

y=3(0)—-1

y=—1

(0,-1) y-intercept
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We can confirm that our results make sense by observing a graph of the equation. Notice that the graph
crosses the axes where we predicted it would.

y
4
3
2
y=3-1
1
- : : : : : : =X
4 3 2 10/ 1 2 3 4
1
3
-4

HOW TO: GIVEN AN EQUATION, FIND THE INTERCEPTS

1. Find the x-intercept by setting y = 0 and solving for x.
2. Find the y-intercept by setting = 0 and solving for y.

Using a Graphing Utility to Plot Lines

https://www.geogebra.org/graphing
https://www.desmos.com/calculator
https://www.mathway.com/Graph

https://www.symbolab.com/graphing-calculator
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EXAMPLE: FINDING THE INTERCEPTS OF THE GIVEN EQUATION

Find the intercepts of the equation y = —3x — 4. Then sketch the graph using only the intercepts.
Answer

Set y = 0 to find the x-intercept.

y= -3z —4
0=-3x—-4
4=-3z
—%:x

(— %, 0) z-intercept

Set £ = 0 to find the y-intercept.

y= -3z —4
y=-3(0)—4
y=—4

(0, —4) y-intercept

Plot both points and draw a line passing through them.

0. -4)

TRY IT

Find the intercepts of the equation and sketch the graph: y = — %m + 3.
Answer

x-intercept is (4, 0); y-intercept is (0, 3).
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=77

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=77

TRY IT NOW

These graphing utilities have features that allow you to turn a constant (number) into a variable. Follow
these steps to learn how:

1. Graphtheliney = — 2z — 4.

2. On the next line enter y = —axz — %. You will see a button pop up that says “add slider: a”, click on
the button. You will see the next line populated with the variable a and the interval on which a can
take values.

3. What part of a line does the variable a represent? The slope or the y-intercept?
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SUMMARY: POINTS AND LINES IN THE
COORDINATE PLANE

Key Concepts

» We can locate or plot points in the Cartesian coordinate system using ordered pairs which are defined
as displacement from the x-axis and displacement from the y-axis.

» An equation can be graphed in the plane by creating a table of values and plotting points.

» Using a graphing calculator or a computer program makes graphing equations faster and more
accurate. Equations usually have to be entered in the form y=

» Finding the x- and y-intercepts can define the graph of a line. These are the points where the graph
crosses the axes.

» The distance formula is derived from the Pythagorean Theorem and is used to find the length of a line
segment.

» The midpoint formula provides a method of finding the coordinates of the midpoint by dividing the sum
of the x-coordinates and the sum of the y-coordinates of the endpoints by 2.

Glossary

Cartesian coordinate system a grid system designed with perpendicular axes invented by René Descartes

equation in two variables a mathematical statement, typically written in x and y, in which two expressions
are equal

distance formula a formula that can be used to find the length of a line segment if the endpoints are known

graph in two variables the graph of an equation in two variables, which is always shown in two variables in
the two-dimensional plane

intercepts the points at which the graph of an equation crosses the x-axis and the y-axis
midpoint formula a formula to find the point that divides a line segment into two parts of equal length

ordered pair a pair of numbers indicating horizontal displacement and vertical displacement from the origin;
also known as a coordinate pair, (z, y)

origin the point where the two axes cross in the center of the plane, described by the ordered pair (0, 0)

quadrant one quarter of the coordinate plane, created when the axes divide the plane into four sections
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x-axis the common name of the horizontal axis on a coordinate plane; a number line increasing from left to
right

x-coordinate the first coordinate of an ordered pair, representing the horizontal displacement and direction
from the origin

x-intercept the point where a graph intersects the x-axis; an ordered pair with a y-coordinate of zero

y-axis the common name of the vertical axis on a coordinate plane; a number line increasing from bottom to
top

y-coordinate the second coordinate of an ordered pair, representing the vertical displacement and direction
from the origin

y-intercept a point where a graph intercepts the y-axis; an ordered pair with an x-coordinate of zero
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INTRODUCTION TO EQUATIONS OF LINES

LEARNING OUTCOMES

By the end of this lesson, you will be able to:

« Use slope-intercept form to plot and write equations of lines.

« Use point-slope form to write the equation of a line.

« Write the equation of a line in standard form.

» Recognize vertical and horizontal lines from their graphs and equations.

« Determine whether two lines are parallel or perpendicular.

« Find the equations of parallel and perpendicular lines.

» Write the equations of lines that are parallel or perpendicular to a given line.

Now that we have learned how to plot points on a coordinate plane and graph linear equations, we can
begin to analyze the equations of lines and evaluate the different characteristics of these lines. In this
section, we will learn about the commonly used forms for writing linear equations and the properties of lines
that can be determined from their equations.

For example, without creating a table of values, you will be able to match each equation below to its
corresponding graph. You will also be able to explain the similarities and differences of each line, how they
relate to each other, and why they behave that way.

215


https://creativecommons.org/licenses/by/4.0/
http://cnx.org/contents/9b08c294-057f-4201-9f48-5d6ad992740d@5.2
https://creativecommons.org/licenses/by/4.0/

©z=5

dy= -2
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WRITING EQUATIONS OF LINES

LEARNING OUTCOMES

Use slope-intercept form to plot and write equations of lines.

Use point-slope form to write the equation of a line.

Write the equation of a line in standard form.

Recognize vertical and horizontal lines from their graphs and equations.

Slope-Intercept Form

Perhaps the most familiar form of a linear equation is slope-intercept form written as y = mz + b, where
m = slope and b = y-intercept. Let us begin with the slope.

The Slope of a Line

The slope of a line refers to the ratio of the vertical change in y over the horizontal change in x between any
two points on a line. It indicates the direction in which a line slants as well as its steepness. Slope is
sometimes described as rise over run.
_ YU
m = 2%
T9—T1
If the slope is positive, the line slants upward to the right. If the slope is negative, the line slants downward to
the right. As the slope increases, the line becomes steeper. Some examples are shown below. The lines
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indicate the following slopes: m = —3, m = 2,and m = %

y=2x+1
y=-3x-2

A GENERAL NOTE: THE SLOPE OF A LINE

The slope of a line, m, represents the change in y over the change in x. Given two points, (z1,y;) and
(z2,ys,), the following formula determines the slope of a line containing these points:
_ YU

T oz

EXAMPLE: FINDING THE SLOPE OF A LINE GIVEN TWO POINTS

Find the slope of a line that passes through the points (2, —1) and (-5, 3).
Answer
We substitute the y-values and the x-values into the formula.

3—(~1)

=
ot
|
)

Nl Y

The slope is — 7.

Analysis of the Solution

It does not matter which point is called (x1,y;) or (z2,ys). As long as we are consistent with the order of

the y terms and the order of the x terms in the numerator and denominator, the calculation will yield the
same result.

TRY IT

Find the slope of the line that passes through the points (—2,6) and (1,4).
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Answer
r=-—5

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=80

EXAMPLE: IDENTIFYING THE SLOPE AND Y-INTERCEPT OF A LINE GIVEN

AN EQUATION
Identify the slope and y-intercept given the equation y = — %x — 4.
Answer
As the line is in y = ma + b form, the given line has a slope of m = —%. The y-interceptis b = —4.

Analysis of the Solution

The y-intercept is the point at which the line crosses the y-axis. On the y-axis, x = 0. We can always
identify the y-intercept when the line is in slope-intercept form, as it will always equal b. Or, just substitute
z = 0 and solve for y.

RECALL OPERATIONS ON FRACTIONS

Fractions are commonly encountered when writing equations for lines using the point-slope formula. Being
able to multiply or add and subtract fractions will enable you to avoid decimal approximations for numbers

like — or —.

3 7
. , . a ¢ ad=xbc
Adding or subtracting fractions: 3 + 7= bd

a C . ac
b d bd
Don't forget to simplify fractions in your final answer!

Multiplying fractions:

The Point-Slope Formula

Given the slope and one point on a line, we can find the equation of the line using point-slope form.
y—y =m(z—z)

This is an important formula, as it will be used in other areas of College Algebra and often in Calculus to find
the equation of a tangent line. We need only one point and the slope of the line to use the formula. After
substituting the slope and the coordinates of one point into the formula, we simplify it and write it in slope-
intercept form.

A GENERAL NOTE: THE POINT-SLOPE FORMULA

Given one point and the slope, using point-slope form will lead to the equation of a line:

y—y =m(z—21)

Standard Form of a Line
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EXAMPLE: FINDING THE EQUATION OF A LINE GIVEN THE SLOPE AND
ONE POINT

Write the equation of the line with slope m = —3 and passing through the point (4, 8). Write the final
equation in slope-intercept form.

Answer
Using point-slope form, substitute —3 for m and the point (4, 8) for (z1,y; ).

y—y =m(z—z1)
y—8=-3(x—4)
y—8= -3z +12
y=—-3zx+ 20

Analysis of the Solution

Note that any point on the line can be used to find the equation. If done correctly, the same final equation
will be obtained.

TRY IT

Given m = 4, find the equation of the line in slope-intercept form passing through the point (2, 5).
Answer
y=4x — 3

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=80

Another way that we can represent the equation of a line is in standard form. Standard form is given as
Az +By=C

where A, B, and C are integers. The x and y-terms are on one side of the equal sign and the constant term
is on the other side.

Vertical and Horizontal Lines

Most of the lines we have worked with so far have been slanted, or oblique. In other words, they were
neither horizontal nor vertical lines. The equations of vertical and horizontal lines do not require any of the
preceding formulas, although we can use the formulas to prove that the equations are correct. The equation
of a vertical line is given as

r ==cC

where cis a constant. The slope of a vertical line is undefined, and regardless of the y-value of any point on
the line, the x-coordinate of the point will be c.

Suppose that we want to find the equation of a line containing the following points:
(-3,-5),(-3,1),(-3,3),and (—3,5). First, we will find the slope.
53 __ 2

M= "0
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EXAMPLE: FINDING THE EQUATION OF A LINE PASSING THROUGH TWO
GIVEN POINTS

Find the equation of the line passing through the points (3, 4) and (0, —3). Write the final equation in
slope-intercept form.

Answer
First, we calculate the slope using the slope formula and two points.

Next, we use point-slope form with the slope of % and either point. Let’s pick the point (3, 4) for (x1,y;).

y—4=1{(z-3)

In slope-intercept form, the equation is written as y = %w - 3.

Analysis of the Solution

To prove that either point can be used, let us use the second point (0, —3) and see if we get the same
equation.

We see that the same line will be obtained using either point. This makes sense because we used both
points to calculate the slope.

Zero in the denominator means that the slope is undefined and, therefore, we cannot use point-slope form.
However, we can plot the points. Notice that all of the x-coordinates are the same and we find a vertical line
through x = —3.

The equation of a horizontal line is given as

y=c
where cis a constant. The slope of a horizontal line is zero, and for any x-value of a point on the line, the y-
coordinate will be c.

Suppose we want to find the equation of a line that contains the following set of points:
(-2,-2),(0,-2),(3,—2), and (5, —2). We can use point-slope form. First, we find the slope using any
two points on the line.
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EXAMPLE: FINDING THE EQUATION OF A LINE AND WRITING IT IN
STANDARD FORM

Find the equation of the line with m = —6 and passing through the point (%, —2). Write the equation in
standard form.

Answer

We begin by using point-slope form.

y—(-2)=-6(z— )

y+2=—6z+3

From here, we multiply through by 2 as no fractions are permitted in standard form. Then we move both
variables to the left aside of the equal sign and move the constants to the right.

2(y+2) = (—6:1:—}—%)2
2u+4=—12z+ 3
122 + 2y = -1

This equation is now written in standard form.

TRY IT
Find the equation of the line in standard form with slope m = —% which passes through the point (1, %)
Answer
z+3y=2

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=80

Use any point for (z1,y; ) in the formula, or use the y-intercept.
y—(=2)=0(z—3)

y+2=0

y=—2

The graph is a horizontal line through y = —2. Notice that all of the y-coordinates are the same.
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The line x = -3 is a vertical line. The line y = -2 is a horizontal line.

TRY IT

Use an online graphing calculator to graph the following:

1. A horizontal line that passes through the point (-5,2)
2. A vertical line that passes through the point (3,3)

EXAMPLE: FINDING THE EQUATION OF A LINE PASSING THROUGH THE
GIVEN POINTS

Find the equation of the line passing through the given points: (1, —3) and (1, 4).
Answer
The x-coordinate of both points is 1. Therefore, we have a vertical line, x = 1.

TRY IT

Find the equation of the line passing through (—5, 2) and (2, 2).
Answer
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Horizontal line: y = 2

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=80

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=80
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PARALLEL AND PERPENDICULAR LINES

LEARNING OUTCOMES

» Determine whether two lines are parallel or perpendicular.
» Find the equations of parallel and perpendicular lines.
» Write the equations of lines that are parallel or perpendicular to a given line.

Parallel lines have the same slope and different y-intercepts. Lines that are parallel to each other will never
intersect. For example, the figure below shows the graphs of various lines with the same slope, m = 2.
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Parallel lines have slopes that are the same.
All of the lines shown in the graph are parallel because they have the same slope and different y-intercepts.

Lines that are perpendicular intersect to form a 90° angle. The slope of one line is the negative reciprocal
of the other. We can show that two lines are perpendicular if the product of the two slopes is
—1:m; - mg = —1. For example, the figure below shows the graph of two perpendicular lines. One line has

a slope of 3; the other line has a slope of —%.
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Perpendicular lines have slopes that are negative reciprocals of each other.

If we know the equation of a line, we can use what we know about slope to write the equation of a line that is
either parallel or perpendicular to the given line.

Writing Equations of Parallel Lines

Suppose we are given the following equation:
y=3z+1

We know that the slope of the line formed by the function is 3. We also know that the y-intercept is (0, 1).
Any other line with a slope of 3 will be parallel to y = 3z + 1. So all of the following lines will be parallel to
the given line.

y=3z+4+6
y=3z+1

_ 2
y—3a:—|-§

Suppose then we want to write the equation of a line that is parallel to y = 3z + 6 and passes through the
point (1, 7). We already know that the slope is 3. We just need to determine which value for b will give the
correct line. We can begin with point-slope form of a line and then rewrite it in slope-intercept form.
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EXAMPLE: GRAPHING TWO EQUATIONS, AND DETERMINING WHETHER
THE LINES ARE PARALLEL, PERPENDICULAR, OR NEITHER

Graph the equations of the given lines and state whether they are parallel, perpendicular, or neither:
3y=—4z+ 3 and 3z — 4y = 8.

Answer

The first thing we want to do is rewrite the equations so that both equations are in slope-intercept form.
First equation:

y=—4z+3
y:—§w+1

Second equation:

3z —4y =28
—4y=-3x+8
y:%m—2

See the graph of both lines in the graph below.

vV < ¢ + |] y_%){/

=X

From the graph, we can see that the lines appear perpendicular, but we must compare the slopes.

mi = -3
mg—%
= (-3) (3) = -1

The slopes are negative reciprocals of each other confirming that the lines are perpendicular.

TRY IT
Graph the two lines and determine whether they are parallel, perpendicular, or neither: 2y — = 10 and
2y=x+4.
Answer
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Parallel lines. Write the equations in slope-intercept form.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=81

y—y =m(z—z)
y—7=3(x—-1)
y—7=3z—3
y=3z+4

So y = 3z + 4 is parallel to y = 3x + 1 and passes through the point (1, 7).

HOW TO: GIVEN THE EQUATION OF A LINE, WRITE THE EQUATION OF A
LINE PARALLEL TO THE GIVEN LINE THAT PASSES THROUGH A GIVEN
POINT

1. Find the slope of the line.

2. Substitute the given values into either point-slope form or slope-intercept form.
3. Simplify.

Writing Equations of Perpendicular Lines

We can use a very similar process to write the equation for a line perpendicular to a given line. Instead of
using the same slope, however, we use the negative reciprocal of the given slope. Suppose we are given
the following line:

y=2x+4

The slope of the line is 2 and its negative reciprocal is —%. Any function with a slope of —% will be
perpendicular to y = 2x + 4. So all of the following lines will be perpendicular to y = 2z + 4.
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EXAMPLE: FINDING A LINE PARALLEL TO A GIVEN LINE

Find a line parallel to the graph of y = 3z + 6 that passes through the point (3, 0).
Answer

The slope of the given line is 3. If we choose to use slope-intercept form, we can substitute m= 3, x=3,
and y = 0 into slope-intercept form to find the y-intercept.

y=3z+b
0=3(3)+b
b=-9

The line parallel to y = 3z + 6 that passes through (3, 0) is y = 3z — 9.

Analysis of the Solution

We can confirm that the two lines are parallel by graphing them. The graph below shows that the two lines
will never intersect.

A
10+
A
8+ /i
1Up3
i
o )
Right 1
R -4 2
y=3x+6
5]
J
TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=81
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y:—%x+4

y=—2x+2

[\

_ 1 1
Yy="3%— 3

As before, we can narrow down our choices for a particular perpendicular line if we know that it passes
through a given point. Suppose then we want to write the equation of a line that is perpendicular to

y = 2z + 4 and passes through the point (4, 0). We already know that the slope is —%. Now we can use the
point to find the y-intercept by substituting the given values into slope-intercept form and solving for b.

y=mx+b
0=—2(4)+b
0=-2+5b
2=05b
b=2
The equation for the function with a slope of —% and a y-intercept of 2is y = —%:r, + 2.

Soy= —%x + 2 is perpendicular to y = 2z + 4 and passes through the point (4, 0). Be aware that

perpendicular lines may not look obviously perpendicular on a graphing calculator unless we use the square
zoom feature.

Q&A

A horizontal line has a slope of zero and a vertical line has an undefined slope. These two lines are

perpendicular, but the product of their slopes is not —1. Doesn’t this fact contradict the definition
of perpendicular lines?

No. For two perpendicular linear functions, the product of their slopes is —1. As you will learn later, a
vertical line is not a function so the definition is not contradicted.

HOW TO: GIVEN THE EQUATION OF A LINE, WRITE THE EQUATION OF A
LINE PERPENDICULAR TO THE GIVEN LINE THAT PASSES THROUGH A
GIVEN POINT

1. Find the slope of the given line.
2. Determine the negative reciprocal of the slope.

3. Substitute the slope and point into either point-slope form or slope-intercept form.
4. Simplify.

Writing the Equations of Lines Parallel or Perpendicular to a
Given Line
As we have learned, determining whether two lines are parallel or perpendicular is a matter of finding the

slopes. To write the equation of a line parallel or perpendicular to another line, we follow the same principles

as we do for finding the equation of any line. After finding the slope, use point-slope form to write the
equation of the new line.
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EXAMPLE: FINDING THE EQUATION OF A PERPENDICULAR LINE

Find the equation of a line perpendicular to y = 3x + 3 that passes through the point (3, 0).
Answer

The original line has slope m = 3, so the slope of the perpendicular line will be its negative reciprocal or
—%. Using this slope and the given point, we can find the equation for the line.

:—%m+b
0=—3(3)+b
1="5

b=1

The line perpendicular to y = 3z + 3 that passes through (3, 0) is y = — %:c + 1.

Analysis of the Solution

A graph of the two lines is shown below.

TRY IT

Given the line y = 2a — 4, write an equation for the line passing through (0, 0) that is

1. parallel to y
2. perpendicular to y

Answer

1. y = 2z is parallel
2.y = — 1 is perpendicular
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=81

HOW TO: GIVEN TWO POINTS ON A LINE, WRITE THE EQUATION OF A
PERPENDICULAR LINE THAT PASSES THROUGH A THIRD POINT

1. Determine the slope of the line passing through the points.

2. Find the negative reciprocal of the slope.

3. Substitute the slope and point into either point-slope form or slope-intercept form.
4. Simplify.

EXAMPLE: FINDING THE EQUATION OF A PERPENDICULAR LINE

A line passes through the points (-2, 6) and (4, 5). Find the equation of a perpendicular line that passes
through the point (4, 5).

Answer

From the two points of the given line, we can calculate the slope of that line.
56 _ -1 _ 1

M=y % ~ 7%

Find the negative reciprocal of the slope.

m= S —-1(-4) =

We can then solve for the y-intercept of the line passing through the point (4, 5).
y=6z+b

5=6(4)+b
5=24+b
~19="5
b=—19

The equation for the line that is perpendicular to the line passing through the two given points and also
passes through point (4, 5) is:

y =6z —19

TRY IT

A line passes through the points (—2, —15) and (2, —3). Find the equation of a perpendicular line that
passes through the point (6, 4).

Answer
Y= —%x +6
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EXAMPLE: WRITING THE EQUATION OF A LINE PARALLEL TO A GIVEN
LINE

Write the equation of line parallel to a 5z + 3y = 1 which passes through the point (3, 5).
Answer
First, we will write the equation in slope-intercept form to find the slope.

S+ 3y=1
Jy= -4z +1

y=—2z+ 3

The slope is m = —%. The y-intercept is L put that really does not enter into our problem, as the only
thing we need for two lines to be parallel is the same slope.

The one exception is that if the y-intercepts are the same, then the two lines are the same line. The next
step is to use this slope and the given point in point-slope form.

y—5=—3(z—3)

TRY IT

Find the equation of the line parallel to 52 = 7 + y which passes through the point (—1, —2).
Answer
y=25x+3

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=81
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EXAMPLE: FINDING THE EQUATION OF A PERPENDICULAR LINE

Find the equation of the line perpendicular to 5z — 3y + 4 = 0 which goes through the point (—4, 1).
Answer
The first step is to write the equation in slope-intercept form.

5z —3y+4=0
—3y=—-5z—4
yz%m—k%

We see that the slope is m = % This means that the slope of the line perpendicular to the given line is the

negative reciprocal or —%. Next, we use point-slope form with this new slope and the given point.
y-1=-3(e—(-4)

y—1= —%m — 1?2

y=-3e- i

y=-3e—1
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SUMMARY: EQUATIONS OF LINES

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=82

Key Concepts

» Given two points, we can find the slope of a line using the slope formula.

« We can identify the slope and y-intercept of an equation in slope-intercept form.

+ We can find the equation of a line given the slope and a point.

+ We can also find the equation of a line given two points. Find the slope and use point-slope form.

» The standard form of a line has no fractions.

» Horizontal lines have a slope of zero and are defined as y = ¢, where cis a constant.

» Vertical lines have an undefined slope (zero in the denominator) and are defined as ¢ = ¢, where cis a
constant.

» Parallel lines have the same slope and different y—intercepts.
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» Perpendicular lines have slopes that are negative reciprocals of each other unless one is horizontal and
the other is vertical.

Glossary

slope the change in y—values over the change in z-values
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PUTTING IT TOGETHER: THE RECTANGULAR
COORDINATE SYSTEM AND EQUATIONS OF
LINES

Now that you have become familiar with the rectangular coordinate system, you are ready to consider the
problem posed at the beginning of the module:

Caroline wants to take a spring break trip that will cost approximately $2,500.

» How many hours will she have to work to earn enough to pay for her vacation?
« If she can only work 4 hours per day, how many days per week will she have to work?
» How many weeks will it take?

The amount Caroline has at any given time depends on the number of hours she works. If you write an
equation that models the amount of money in her account at a given time, you will be able to answer the
questions posed above. Begin by recalling what you know:

« Caroline has a job that pays $15.00/hr
» She is starting with an initial deposit in her savings account of $400.

Next, choose a variable to represent the number of hours, such as h. Her savings account balance is equal
to the amount Caroline earns from working plus the initial deposit.

You can calculate the total amount Caroline gets paid by multiplying the amount per hour by the number of
hours, 15h. Now you can write your equation:

Savings account balance = amount earned from working + initial deposit

Savings account balance = 15h + 400

Now that you have an equation, you can determine how many hours Caroline needs to work to earn $2500
Savings account balance =15h + 400

2500 = 15h + 400

2100 = 15h
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140 =h

So Caroline needs to work 140 hours to have enough money for her trip. Okay, we are making progress
now.

The next question asked you to determine how many days per week Caroline would have to work if she can
work only 4 hours per day. How can you find the number of days if you know the total number of hours and
the number of hours per day? Divide!

4
L =35

Caroline will have to work 35 days to reach her goal. Since there are 7 days in a week, she will need to work
5 weeks, assuming she works every day.

Now you have answered all the questions, but you can enhance your solution by considering the second
way to look at this problem—creating and analyzing a graph. You were provided a graph at the beginning of
the module, but now you can create the graph for yourself. Go back to the equation you wrote to represent
the problem.

Savings account balance = 15h + 400

You can set the savings account balance as y and the number of hours as .

y = 1bx + 400

Then you can create a table of points using the equation.

x y = 15z + 400 Y (z,y)

0 y = 15 (0) -+ 400 400 (0, 400)
10 y = 15 (10) + 400 550 (10, 550)
20 y = 15(20) + 400 700 (20, 700)
30 y = 15 (30) + 400 850 (30, 850)

Plot the points in the table and then connect them. Congratulations, you created the graph you saw at the
beginning of the module!

!
3000+

2500+
2000+
1500+

1000+

5004

Savings Account Balance

t + t t } + t } t =X
0 20 40 60 80 100 120 140 160 180 200
Hours Worked

The slope, or slant, of the line is determined by the equation.

y=mz—+b

235



y = 15z + 400

So the slope is 15 and depends on the amount Caroline earns per hour. How do you think the graph would
change if she were paid a different rate? If she were paid less, the line would be less steep and if she were
paid more, the line would be steeper. Both would affect how long it would take her to reach her goal as
indicated by the orange line.

The orange horizontal line is the line y = 2500 because that is the amount Caroline needs for her trip. How
can you tell the number of hours she needs to work just by looking at the graph? The point at which the two
lines intersect gives the answer. So find that point on the graph and then trace down to the x-axis. You wind
up at 140 hours which is exactly what you calculated earlier.

Another nice feature of the graph is that you can see how much Caroline has after any number of hours
worked and how many hours she has left to go. For example, suppose Caroline has worked 40 hours. How
much savings does she have? To figure it out, find 40 hours on the x-axis and then trace vertically up to the
line. Read left to the y-axis to find that she has $1000 dollars. Every point on the graph relates a number of
hours worked to the amount in her savings account. So the point you just looked at, (40, 1000), relates 40
hours to $1000. The point Caroline needs to get to, (140, 2500) relates 140 hours of work to her goal of
$2,500. Now there is only one thing left to do. Caroline needs to get to work so she can enjoy her spring
break vacation!
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MODULE 4: EQUATIONS AND
INEQUALITIES

WHY IT MATTERS: EQUATIONS AND
INEQUALITIES

How do Equations and Inequalities Help in the Real World?

You are in charge of planning and purchasing materials for a new school
to be built overseas in a small village. The plans for the foundation
indicate that it must be rectangular with a length of exactly 100 feet
greater than the width. However, the total area must be 12,000 sq. ft.
How long and how wide should the foundation be?

First we have to model the problem using mathematics. Let x represent
the width (shorter side). Then the length must be « + 100. Using the
area formula for a rectangle, we find:

a s

Area = (length) x (width) = (z 4 100) (z) = z2 + 100z U.S. Navy Seabees help build a

classroom for a school in Thailand.

Now since the total area must be equal to 12,000, we can write:
z? + 100z = 12,000

or equivalently,

z2 4+ 100z — 12,000 =0

This is an equation, which is a mathematical statement consisting of two expressions set equal to one
another. In order to find out the proper length and width of the floor, we would have to solve the equation for
the variable x using techniques that you will soon discover.

Suppose the walls of the school will be built from concrete blocks costing $1.20 per block (which includes
tax) plus a flat fee of $100 for hauling the blocks to the site. Having only a limited budget, you must be very
careful to order only what you can afford. Suppose the school requires at least 1800 concrete blocks (but
having more blocks around for future projects would not be a bad idea). Your budgeted amount for concrete
blocks is $2,400. What is the maximum number of concrete blocks that you can purchase? Do you have
enough money to buy at least the minimum number of concrete blocks required for the project?

To answer the question above, we must be familiar with inequalities. An inequality is a statement involving

relations like “less than,” “more than,” “at least,” or “at most.” For example, if the number of blocks to be
purchased is n, then there are two inequalities implied by the story.
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n>1800 and (1.20)n + 100 < 2400

The first inequality expresses the fact that at least 1800 blocks are required. The second inequality states
that the total cost of the blocks, together with the hauling fee, cannot exceed the budgeted amount of
$2,400.

In this module, you will learn how to analyze this situation as well as many others that involve building and
solving equations and inequalities. We will revisit our construction site again at the end of the module.

LEARNING OUTCOMES

Review Topics for Success

« Solve rational equations

Recognize formulas for perimeter, area, and volume.
Recognize the formula that relates distance, rate, and time.
Rearrange formulas to isolate specific variables.

Represent inequalities using an inequality symbol.

» Represent inequalities on a number line.

Linear Equations

» Solve equations in one variable algebraically.
» Solve rational equations.

Models and Applications

Write a linear equation to express the relationship between unknown quantities.
Write a linear equation that models two different cell phone packages.

Use a linear model to answer questions.

Set up a linear equation involving distance, rate, and time.

Find the dimensions of a rectangle given the area.

Find the dimensions of a box given information about its side lengths.

Quadratic Equations

» Factor a quadratic equation to solve it.

» Use the square root property to solve a quadratic equation.

» Use the Pythagorean Theorem and the square root property to find the unknown length of the side of
a right triangle.

+ Complete the square to solve a quadratic equation.

» Use the quadratic formula to solve a quadratic equation.

» Use the discriminant to determine the number and type of solutions to a quadratic equation.

Equation-Solving Techniques

» Solve a radical equation, identify extraneous solution.
» Solve an equation with rational exponents.

» Solve polynomial equations.

» Solve absolute value equations.

Linear Inequalities and Absolute Value Inequalities

« Use interval notation to express inequalities.
« Use properties of inequalities.

» Solve compound inequalities.

» Solve absolute value inequalities.
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REVIEW TOPICS FOR SUCCESS

By the end of this section, you will be able to:

» Solve rational equations

Recognize formulas for perimeter, area, and volume
Recognize the formula that relates distance, rate, and time
Rearrange formulas to isolate specific variables
Represent inequalities using an inequality symbol
Represent inequalities on a number line

In this module, you’ll learn how to use linear equations to model real-world situations and explore several
specific types of equations. You'll also define a process for translating inequalities stated in words and
symbols or as graphs on the number line into a special kind of notation called interval notation. Before
beginning, it will be helpful to refresh techniques for eliminating denominators from rational equations in one
variable, and see some formulas that commonly occur during modeling and learn how to manipulate them. A
review of representing inequalities using words and symbols and as graphs on the number line is also
included in this section.

Warm up for this module by refreshing important concepts and skills you’ll need for success. As you study
these review topics, recall that you can also return to Algebra Essentials any time you need to refresh the
basics.

RECALL FOR SUCCESS

Look for red boxes like this one throughout the text. They’ll show up just in time to give helpful reminders
of the math you’ll need, right where you’ll need it.
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LEARNING OUTCOMES

» Solve rational equations by clearing denominators
« |dentify extraneous solutions in a rational equation

Equations that contain rational expressions are called rational equations. For example, 2’”4H =g isa

rational equation. Rational equations can be useful for representing real-life situations and for finding
answers to real problems. In particular, they are quite good for describing a variety of proportional
relationships.

One of the most straightforward ways to solve a rational equation is to eliminate denominators with the
common denominator and then use properties of equality to isolate the variable. This method is often used
to solve linear equations that involve fractions as in the following example:

Solve 1z — 3 =2 — 3z by clearing the fractions in the equation first.

Multiply both sides of the equation by 4, the common denominator of the fractional coefficients.

%w 3=2—

4(32-3)=4(2- 32)

oo

4(32) —4(3)=4(2)+4(-32)
2z — 12 =8 — 3z

+3z +3z
b —12=28

+12 412
5z = 20
x=4

We could have found a common denominator and worked with fractions, but that often leads to more
mistakes. We can apply the same idea to solving rational equations. The difference between a linear
equation and a rational equation is that rational equations can have polynomials in the numerator and
denominator of the fractions. This means that clearing the denominator may sometimes mean multiplying
the whole rational equation by a polynomial. In the next example, we will clear the denominators of a rational
equation with a term that has a polynomial in the numerator.

. z+5 _ 7
Solve the equation == = 7.

Answer

Find the least common denominator of 4 and 8. Remember, to find the LCD, identify the greatest number
of times each factor appears in each factorization. Here, 2 appears 3 times, so 2 - 2 - 2, or 8, will be the
LCD.

Multiply both sides of the equation by the common denominator, 8, to keep the equation balanced and to
eliminate the denominators.
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8(z+5) _ 7(8)
8 4

7(4-2)

oo|oo

(z+5)=7-2-14

00|00

1-(z+5)=14-1
Simplify and solve for x.

r+5=14
r=9

Check the solution by substituting 9 for x in the original equation.

z+5 _ 7
8 4
9+5 __ 7
8 4
4 _ 7
8 ~ 4
A
4 4

Therefore, x = 9.

In the next example, we show how to solve a rational equation with a binomial in the denominator of one
term. We will use the common denominator to eliminate the denominators from both fractions. Note that the
LCD is the product of both denominators because they do not share any common factors.

; 8 _ 4
Solve the equation — = 3.

z+1
Answer

Clear the denominators by multiplying each side by the common denominator. The common denominator
is 3 (z + 1) since 3 and z + 1 do not have any common factors.

3(z+1) (x%) —3(z+1) (%)

Simplify common factors.

e () =0 ()
24 =4(z+1)
24=4x +4

Now this looks like a linear equation, and we can use the addition and multiplication properties of equality
to solve it.
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24 =4x+4

Check the solution in the original equation.

4
(z+1) 3

Il
SN

Wl oo
Wl o

Therefore, x = 5.

Solve the equation £ + 1 = 3.
Answer

Both fractions in the equation have a denominator of 3. Multiply every term on both sides of the equation
(not just the fractions!) by 3.

3(5+1)=3(3)

Apply the distributive property and multiply 3 by each term within the parentheses. Then simplify and solve
for x.

3(5) +3(1)=3(3)

Therefore, x = 1.

In the video that follows, we present two ways to solve rational equations with both integer and variable
denominators.

Excluded Values and Extraneous Solutions

As you have seen, some rational expressions have a variable in the denominator. When this is the case,
there is an extra step in solving them. Since division by 0 is undefined, you must exclude values of the
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Rational Equations

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=165

variable that would result in a denominator of 0. These values are called excluded values. Let us look at an
example.

Solve the equation 222 = 15

z—5 z—5 "
Answer
Determine any values for x that would make the denominator 0.
15
z—5
5 is an excluded value because it makes the denominator x — 5 equal to 0.

Since the denominator of each expression in the equation is the same, the numerators must be equal. Set
the numerators equal to one another and solve for x.

2c —5 =15
2z = 20
=10

Check the solution in the original equation.

Therefore, x = 10.

In the following video, we present an example of solving a rational equation with variables in the
denominator.
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Ratiomal Equaitions = Same Denominators

exeluded ralues

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=165

You have seen that there is more than one way to solve rational equations. Because both of these
techniques manipulate and rewrite terms, sometimes they can produce solutions that do not work in the
original form of the equation. These types of answers are called extraneous solutions. That is why it is
always important to check all solutions in the original equations—you may find that they yield untrue
statements or produce undefined expressions.

2

R 16 _ m
Solve the equation =7 = —=—.
Answer

Determine any values for m that would make the denominator 0. —4 is an excluded value because it
makes m + 4 equal to 0.

Since the denominator of each expression in the equation is the same, the numerators must be equal. Set
the numerators equal to one another and solve for m.

16 = m?2
0=m2-16
0=(m+4)(m—4)

O=m+4 or 0=m—4
m=—-4 or m=4
m=4,—4
Check the solutions in the original equation.
Since m = —4 leads to division by 0, it is an extraneous solution.
Notice, however, that latex]m=4[/latex] is a solution that results in a true statement.

16 _ _m?

m+4 m+4

16 _ (4’
—4+4 ~ —4+4
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16 _ 16
07— 0

—4 is excluded because it leads to division by 0.

16 (4)?
4+4 4+4
16 _ 16
8 — 8

Therefore, m = 4.

Summary

You can solve rational equations by finding a common denominator. By rewriting the equation so that all
terms have the common denominator, you can solve for the variable using just the numerators. Or, you can
multiply both sides of the equation by the least common denominator of all fractions so that all terms
become polynomials instead of rational expressions.

An important step in solving rational equations is to reject any extraneous solutions from the final answer.
Extraneous solutions are solutions that do not satisfy the original form of the equation because they produce
untrue statements or are excluded values that cause a denominator to equal 0.
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USING AND MANIPULATING FORMULAS

LEARNING OUTCOMES

» Recognize formulas for perimeter, area, and volume
» Recognize the formula that relates distance, rate, and time
» Rearrange formulas to isolate specific variables

Many real-world applications (problems that can be modeled by a mathematical equation and solved for an
unknown quantity) involve formulas that describe relationships between quantities. For example, wall-to-wall
carpeting is sold by the square foot. To find out how much carpeting would cover the floor of a 12’ x 15’ foot
room, we can multiply the length and width of the room to discover how many square feet of carpeting is
required. 12 x 15 = 180. So, we would need to purchase 180 square feet of carpeting. Examples of
formulas that commonly occur in applications include:

 the perimeter of a rectangle of length L and width W
o P=2L+2W
« the area of a rectangular region of length L and width W
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o A=LW
« the volume of a rectangular solid with length L, width W, and height H

o V=LWH
« the distance d covered when traveling at a constant rate r for some time ¢
o d=rt.

Formulas such as these may be used to solve problems by substituting known values and solving for an
unknown value. You should know these formulas and be able to recognize when to apply them to a problem.

Isolate Variables in Formulas

Sometimes, we need to isolate one of the variables in a formula in order to solve for the unknown. In the
carpeting example above, we found that it would take 180 square feet of carpet to cover a 12’ x 15’ room.
We knew the dimensions of the room and solved for how many square feet of carpet we needed, But what if,
instead, we had tiles that we could use to cover the floor and we knew the length of the room, but needed to
know what width room could be fully tiled?

Let’s say you have a banquet hall with one wall that can slide to create a room of variable width. The length
of the room (the length of the movable wall) is 85 feet. If you have 4,590 square feet of tile, what must the
width be to ensure the entire room is fully tiled?

A
Use the formula A = LW, but solve it for W, width. = W. Then, substitute what you know:

4590
85
tile. .

= W = 54. It looks like we need to slide the wall out to create a width of 54 feet in order to use all the

This technique, isolating a variable of choice in any formula, is especially helpful if you have to perform the
same calculation repeatedly, or you are having a computer perform the calculation repeatedly, for different
values of the unknown variable.

EXAMPLE: ISOLATE A VARIABLE IN A FORMULA

Isolate the variable for width w from the formula for the perimeter of a rectangle:
P=2()+2(w).
Answer
First, isolate the term with w by subtracting 2/ from both sides of the equation.
P = 2[+2w
-2l —2]
P -2l = 2w
Next, clear the coefficient of w by dividing both sides of the equation by 2.
P -2l =2w
2 2
P2l
2

w= "5

You can rewrite the equation so the isolated variable is on the left side.

_ P-2
W= "3

Hopefully, you can see the value in being able to isolate a variable of interest! Here is another formula for
which the skill is particularly useful.
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EXAMPLE: ISOLATE A VARIABLE IN A FORMULA

Use the multiplication and division properties of equality to isolate the variable b given A = %bh

Answer

1
Angh

(2) A= (2) 3 bh

2A =bh

24 _ K

h K

Write the equation with the desired variable on the left-hand side as a matter of convention:
2A

h
Use the multiplication and division properties of equality to isolate the variable h given A = %bh
Answer

1
A=§bh

2A = bh

24 _ bh
b b
24 _ MY

Write the equation with the desired variable on the left-hand side as a matter of convention:

2A
h=

THINK ABOUT IT

Isolate the variable for height, h, from the formula for the surface area of a cylinder, s = 27rh + 272,

In this example, the variable h is buried pretty deeply in the formula for surface area of a cylinder. Using
the order of operations, it can be isolated. Before you look at the solution, use the box below to write down
what you think is the best first step to take to isolate h.
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Answer
Isolate the term containing the variable h by subtracting 27rr2from both sides.

S = 27rh + 27r?

— 2712 — 272

S—2mr2 = 27rh

Next, isolate the variable h by dividing both sides of the equation by 27r.
S—27r? __ 2mrh

27r 2nr
S—2nr?
2mr h

You can rewrite the equation so the isolated variable is on the left side.
S—27r?

h = 2nr

The formula for converting from the Fahrenheit temperature scale to the Celsius scale is given by
C=(F-32)- % This formula takes a temperature in Fahrenheit, F', and coverts it to an equivalent
temperature in Celsius, C'.

EXAMPLE: USE A FORMULA TO CONVERT FAHRENHEIT TO CELSIUS

Given a temperature of 12°C, find the equivalent in ° F.

Answer
Substitute the given temperature in°C into the conversion formula:
12 = (F-32)- 2
Isolate the variable F to obtain the equivalent temperature.
12=(F - 32)- %
9
( - ) 12 = F — 32
(%) 12 = F — 32
21.6 =F — 32
+32 + 32
53.6 =°F

But what if we have the temperature in Celsius already, and wish to convert it to Fahrenheit? We can solve
the formula for F'. This will give us a formula that takes a temperature on the Celsius scale and converts it to
an equivalent Fahrenheit temperature.
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EXAMPLE: ISOLATE A VARIABLE TO CONVERT CELSIUS TO FAHRENHEIT

Solve the formula shown below for converting from the Fahrenheit scale to the Celsius scale for F. Then
use the new formula to convert a temperature of 21°C to Fahrenheit.

C=(F-32) 2

Answer
To isolate the variable F, it would be best to clear the fraction involving F first. Multiply both sides of the

. 9
equation by 5

|t

) (5)

(%)C:(F—32)(

e
0 =F—32

Add 32 to both sides.

%C+32:F—32+32

(&2 [¥)

C+32=F

F=+C+32

oo  +

And we can convert 21°C' by substituting it into the new formula:

j %(21) 132

21°C = 69.8°F
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INEQUALITY SYMBOLS AND GRAPHS

» Represent inequalities using an inequality symbol
* Represent inequalities on a number line

An inequality is a mathematical statement that compares two expressions using a phrase such as greater
than or less than. Special symbols are used in these statements. In algebra, inequalities are used to
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describe sets of values, as opposed to single values, of a variable. Sometimes, several numbers will satisfy
an inequality, but at other times infinitely many numbers may provide solutions. Rather than try to list a
possibly infinitely large set of numbers, mathematicians have developed some efficient ways to describe
such large lists.

Inequality Symbols

One way to represent such a list of numbers, an inequality, is by using an inequality symbol:

* x < 9 indicates the list of numbers that are less than 9. Since this list is infinite, it would be impossilbe to
list all numbers less than 9.
 —5 < tindicates all the numbers that are greater than or equal to —5.

If you were to read the above statement from left to right, it would translate as —5 is less than or equal to t.
The direction of the symbol is dependent upon the statement you wish to make. For example, the following
statements are equivalent. Both represent the list of all numbers less than 9. Note how the open end of the
inequality symbol faces the larger value while the smaller, pointy end points to the smaller of the values:

e <9
e 9>1

Here’s another way of looking at is:

* x < b means all the real numbers that are less than 5, whereas;

*« 5 < x means that 5 is less than x, or we could rewrite this with the x on the left: z > 5. Note how the
inequality is still pointing the same direction relative to x. This statement represents all the real numbers
that are greater than 5 which is easier to interpret than 5 is less than x.

The box below shows the symbol, meaning, and an example for each inequality sign, as they would be
translated reading from left to right.

Symbol Words Example

#* not equal to 2 £ 8, 2is not equal to 8.

> greater than 5 > 1, 5is greater than 1

< less than 2 <11, 2is less than 71

> greater than or equal to 4 > 4, 4 is greater than or equal to 4
< less than or equal to 7 <9, 7is less than or equal to 9

The inequality x > y can also be written as y < x. The sides of any inequality can be switched as long as
the inequality symbol between them is also reversed.

Graphing an Inequality

Another way to represent an inequality is by graphing it on a number line:

T
0

Below are three examples of inequalities and their graphs. Graphs are often helpful for visualizing
information.

x < —4. This translates to all the real numbers on a number line that are less than or equal to 4.
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z > —3. This translates to all the real numbers on the number line that are greater than or equal to -3.

-2 =1 0 1 2 3 4 5 6 7 8 9 10

Each of these graphs begins with a circle—either an open or closed (shaded) circle. This point is often
called the end point of the solution. A closed, or shaded, circle is used to represent the inequalities greater
than or equal to (>) or less than or equal to (<). The end point is part of the solution. An open circle is used
for greater than (>) or less than (<). The end point is not part of the solution. When the end point is not
included in the solution, we often say we have strict inequality rather than inequality with equality.

The graph then extends endlessly in one direction. This is shown by a line with an arrow at the end. For
example, notice that for the graph of £ > —3 shown above, the end point is —3, represented with a closed
circle since the inequality is greater than or equal to —3. The blue line is drawn to the right on the number
line because the values in this area are greater than —3. The arrow at the end indicates that the solutions
continue infinitely.

EXAMPLE

Graph the inequality x > 4

Answer

We can use a number line as shown. Because the values for z include 4, we place a solid dot on the
number line at 4.

Then we draw a line that begins at x = 4 and, as indicated by the arrowhead, continues to positive infinity,
which illustrates that the solution set includes all real numbers greater than or equal to 4.

———
4 5 6 7 8 9 10 11

| I
1 T
0 1 2 3

This video shows an example of how to draw the graph of an inequality.

Linear Inequalities in One Variable

i

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=167
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EXAMPLE

Write an inequality describing all the real numbers on the number line that are strictly less than 2. Then

draw the corresponding graph.

Answer

We need to start from the left and work right, so we start from negative infinity and end at 2. We will not

include either because infinity is not a number, and the inequality does not include 2.

Inequality: = < 2

To draw the graph, place an open dot on the number line first, and then draw a line extending to the left.
Draw an arrow at the leftmost point of the line to indicate that it continues for infinity.
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SUMMARY: REVIEW

Key Concepts

+ Denominators may be eliminated from rational equations by multiplying each term in the equation by the
lowest common denominator (LCD).

» Declare values of the variable that could cause any denominator to equal zero before reducing or
solving, then exclude those values from the solution set for the equation.

» The formula for the perimeter of a rectangle of length L and width Wis P = 2L + 2W

» The formula for the area of a rectangular region of legth L and width Wis A = LW

» The formula for the volume of a rectangular solid of length L, width W, and height His V = LW H

« The formula that relates distance, rate, and time is d = 7t

» A formula may be rearranged by algebraically isolating any one of the variables as desired

» Inequalities may be expressed in words, by using an inequality symbol, or graphed on a number line.

Glossary

area the size of the surface of a two-dimensional figure
inequality a mathematical statement that compares the size or value of two mathematical expressions

LCD lowest common denominator, the smallest possible expression into which each denominator will factor
evenly.

perimeter a measure of the linear distance around the edges of a two-dimensional figure
rational equation any equation containing a variable expression in one or more denominators

volume the size of the space contained within the edges of a three-dimensional figure
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INTRODUCTION TO MODELS AND
APPLICATIONS

By the end of this section, you will be able to:

Write a linear equation to express the relationship between unknown quantities.
Write a linear equation that models two different cell phone packages.

Use a linear model to answer questions.

Set up a linear equation involving distance, rate, and time.

Find the dimensions of a rectangle given the area.

Find the dimensions of a box given information about its side lengths.

College students taking an exam. Credit: Kevin Dooley
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Josh is hoping to get an A in his college algebra class. He has scores of 75, 82, 95, 91, and 94 on his first
five tests. Only the final exam remains, and the maximum of points that can be earned is 100. Is it possible
for Josh to end the course with an A? A linear equation will give Josh his answer.

Many real-world applications can be modeled by linear equations. For example, a cell phone package may
include a monthly service fee plus a charge per minute of talk-time; it costs a widget manufacturer a certain
amount to produce x widgets per month plus monthly operating charges; a car rental company charges a
daily fee plus an amount per mile driven. These are examples of applications we come across every day
that are modeled by linear equations. In this section, we will set up and use linear equations to solve such
problems.
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WRITING A LINEAR EQUATION TO SOLVE AN
APPLICATION

LEARNING OUTCOMES

» Write a linear equation to express the relationship between unknown quantities.
» Write a linear equation to model a real-world situation.
» Write a linear equation in one variable to solve problems with two unknowns.

RECALL EXPRESSIONS AND EQUATIONS

Recall that a mathematical expression consists of terms connected by addition or subtraction, each term
of which consists of variables and numbers connected by multiplication or division. A number that
multiplies a variable, such as the 2 in the term 2« is called the coefficient of the variable.

An equation is a mathematical statement of the equivalency of two expressions, one on either side of an
equal sign.

Expressions may be combined or simplified by rearranging or doing operations on the terms. Equations
may be solved for the value or values of the variable that make the statement of equivalency true.

Consider a car rental agency that charges $150 per week plus $0.10 per mile driven to rent a compact car.
We can use these quantities to write an equation that models the cost of renting the car for a week C' given
a certain number of miles x driven.

C =150+ 0.10z

To set up a linear equation that models a real-world situation, we must first determine the known quantities
and define the unknown quantity as a variable. Then, we interpret the words as mathematical expressions
using mathematical symbols. Let us use the car rental example above. In this case, a known cost, such as
$0.10 per mile, is multiplied by an unknown quantity, the number of miles driven. Therefore, we can write
0.10z to model the portion of the weekly cost generated by miles driven. This expression represents a
variable cost because it changes according to the number of miles driven.
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If a quantity is independent of a variable, we usually just add or subtract it according to the problem. In the
car rental example, there is a flat fee of $150 to rent the car, independent of the number of miles driven. In
applications involving costs, amounts such as this flat fee that do not change are often called fixed costs.

When dealing with real-world applications, there are certain expressions that we can translate directly into
math. The table below lists some common verbal expressions and their equivalent mathematical
expressions.

Translation to Math

Verbal Operations
One number exceeds another by a T, x+a
Twice a number 2x

One number is a more than another number T, T+a
One number is a less than twice another number xz,2x —a
The product of a number and a, decreased by b ar —b

The quotient of a number and the number plus a is three times the T _ 3,
number z+a

The product of three times a number and the number decreased by bis 4 . (z —b) =
c

In the car-rental example above, we identified the unknown quantity (number of miles driven), and assigned
it the variable z. Then we identified known quantities, and translated the words in the situation into
relationships between the known and unknown quantities to write an equation that models the situation. We
could use the model to answer questions about the situation such as finding the total cost for a week if 500
miles were driven or how many miles could be driven in a week on a budge of $375.

HOW TO: GIVEN A REAL-WORLD SITUATION, WRITE A LINEAR EQUATION
TO MODEL IT

1. Identify known and unknown quantities.

2. Assign a variable to represent the unknown quantity.

3. If there is more than one unknown quantity, find a way to write the second unknown in terms of the
first.

4. Write an equation interpreting the words in the problem as mathematical operations.

5. Solve the equation, check to be sure your answer is reasonable, and give the answer using the
language and units of the original situation.

The following video shows another example of using linear equations to model and compare two cell phone
plans.

We can also use a linear equation in one variable to solve a problem with two unknowns by writing an
expression for one unknown in terms of the other.

Watch the following video for another example of using a linear equation in one variable to solve an
application.
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EXAMPLE

Find a linear equation to solve for the following unknown quantities: One number exceeds another number
by 17 and their sum is 31. Find the two numbers.

Answer

Let z equal the first number. Then, as the second number exceeds the first by 17, we can write the second
number as x + 17. The sum of the two numbers is 31. We usually interpret the word is as an equal sign.

z+ (x+17) =31

2¢ 4+ 17 =31 Simplify and solve.
2x =14
x =7

The second number would thenbe x + 17 =7+ 17 = 24
The two numbers are 7 and 24.

TRY IT

Find a linear equation to solve for the following unknown quantities: One number is three more than twice
another number. If the sum of the two numbers is 36, find the numbers.

Answer
11 and 25

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=170

RECALL THE FORMS OF EQUATIONS OF LINES

Slope-intercept form: y = mx + b, where xand y represent the coordinates of any point on the line, m
represents the slope of the line, and b represents the initial value, or the y-intercept. You can solve for b by
substituting a known point for  and y and the slope of the line for m.

The point-slope form, y — y; = m (z — x1) simplifies to slope-intercept form when solved for y.
Substitute the coordinates of a point for y; and z; and the slope for m then simplify.
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EXAMPLE: WRITE A LINEAR EQUATION IN THE FORM OF TO SOLVE A
REAL-WORLD APPLICATION

There are two cell phone companies that offer different packages. Company A charges a monthly service
fee of $34 plus $.05/min talk-time. Company B charges a monthly service fee of $40 plus $.04/min talk-
time.

1. Write a linear equation that models the packages offered by both companies.

2. If the average number of minutes used each month is 1,160, which company offers the better plan?
3. If the average number of minutes used each month is 420, which company offers the better plan?
4. How many minutes of talk-time would yield equal monthly statements from both companies?

Answer

1. The model for Company A can be written as A = 0.05z + 34. This includes the variable cost of 0.05z
plus the monthly service charge of $34. Company B’s package charges a higher monthly fee of $40,
but a lower variable cost of 0.04z. Company B's model can be written as B = 0.04z + 40.

2. If the average number of minutes used each month is 1,160, we have the following:

Company A = 0.05(1,160) + 34
=58 + 34
=92

Company B = 0.04 (1,160) + 40
=46.4+ 40
=86.4
So, Company B offers the lower monthly cost of $86.40 as compared with the $92 monthly cost

offered by Company A when the average number of minutes used each month is 1,160.
3. If the average number of minutes used each month is 420, we have the following:

Company A = 0.05(420) + 34
=21+34
=55

Company B = 0.04 (420) + 40
=16.8 + 40
= 56.8
If the average number of minutes used each month is 420, then Company A offers a lower monthly
cost of $55 compared to Company B’s monthly cost of $56.80.
4. To answer the question of how many talk-time minutes would yield the same bill from both companies,

we should think about the problem in terms of (z, y) coordinates: At what point are both the x-value

and the y-value equal? We can find this point by setting the equations equal to each other and solving
for x.

0.05z + 34 = 0.04x + 40
0.0z =6
x = 600
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Check the x-value in each equation.
0.05 (600) + 34 = 64

0.04 (600) + 40 = 64

Therefore, a monthly average of 600 talk-time minutes renders the plans equal.
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You are comparing twa cell phone plans. Company A offers a
maonthly fee of 535 plus 510/G8 of data. Company B offers a
maonthly fee of 570 plus 55/GB of data.

£ = tho monthly o &= the member of GF of doto uvesd per maonth

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=170

TRY IT

There are two cell phone companies that offer different packages. Company A charges a monthly service
fee of $34 plus $0.04/min talk-time. Company B charges a monthly service fee of $45 plus $0.03/min talk-
time. Use « for your variable.

a) Write an equation that models the monthly cost for company A.
b) Write an equation that models the monthly cost for company B.

C) If the average number of minutes used each month is 1,162, how much is the monthly cost for each
company?
Answer
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a) A=0.04z + 34
b) B =0.03z + 45
c) Company A’s cost would be $80.48, and Company B’s cost would be $79.86

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=170

TRY IT

Find a linear equation to model this real-world application: It costs ABC electronics company $2.50 per
unit to produce a part used in a popular brand of desktop computers. The company has monthly operating
expenses of $350 for utilities and $3,300 for salaries. What are the company’s monthly expenses?
Answer

C = 2.5z + 3,650

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=170

EXAMPLE: WRITE A LINEAR EQUATION IN ONE VARIABLE TO MODEL
AND SOLVE AN APPLICATION

A bag is filled with green and blue marbles. There are 77 marbles in the bag. If there are 17 more green
marbles than blue marbles, find the number of green marbles and the number of blue marbles in the bag.
How many marbles of each color are in the bag?

Answer

Let G represent the number of green marbles in the bag and B represent the number of blue marbles. We
have that G + B = 77. But we also have that there are 17 more green marbles than blue. That is, the
number of green marbles is the same as the number of blue marbles plus 17. We can translate that as

G = B + 17. Since we've found a way to express the variable G in terms of B, we can write one equation
in one variable.

B+ 17+ B = 77, which we can solve for B.
2B =60, so0o B= 30
There are 30 Blue marbles in the bag and 30 + 17 = 47 is the number of green marbles.

haolving Applications with Linear Uquations in One Variabide

pochet. The nimber of
uarters. How many

259




A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=170

TRY IT

A cash register contains only five dollar and ten dollar bills. It contains twice as many five’s as ten’s and
the total amount of money in the cash register is 560 dollars. How many ten’s are in the cash register?

Answer
There are 28 ten dollar bills in the cash register.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=170
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USING FORMULAS TO SOLVE PROBLEMS

LEARNING OUTCOMES

» Set up a linear equation involving distance, rate, and time.
» Find the dimensions of a rectangle given the area.
» Find the dimensions of a box given information about its side lengths.

Many applications are solved using known formulas. The problem is stated, a formula is identified, the
known quantities are substituted into the formula, the equation is solved for the unknown, and the problem’s
question is answered. Sometimes, these problems involve two equations representing two unknowns, which
can be written using one equation in one variable by expressing one unknown in terms of the other.
Examples of formulas include the perimeter of a rectangle, P = 2L + 2W; the area of a rectangular region,
A = LW; and the volume of a rectangular solid, V = LWH.

RECALL THE RELATIONSHIP BETWEEN DISTANCE, RATE AND TIME

The distance d covered when traveling at a constant rate r for some time ¢ is given by the formula
d=rt.
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EXAMPLE: SOLVING AN APPLICATION USING A FORMULA

It takes Andrew 30 minutes to drive to work in the morning. He drives home using the same route, but it
takes 10 minutes longer, and he averages 10 mi/h less than in the morning. How far does Andrew drive to
work?

Answer

This is a distance problem, so we can use the formula d = rt, where distance equals rate multiplied by
time. Note that when rate is given in mi/h, time must be expressed in hours. Consistent units of
measurement are key to obtaining a correct solution.

First, we identify the known and unknown quantities. Andrew’s morning drive to work takes 30 min, or % h
at rate r. His drive home takes 40 min, or % h, and his speed averages 10 mi/h less than the morning

drive. Both trips cover distance d. A table, such as the one below, is often helpful for keeping track of
information in these types of problems.

d r t
To Work d r 1
To Home d r—10 %

Write two equations, one for each trip.

d:r(%) To work

d=(r—10) (%) Tohome

As both equations equal the same distance, we set them equal to each other and solve for r.

r(3) =(-10)(3)

br—tr-2
“jr=-2
r=-%(-6)
r =40

We have solved for the rate of speed to work, 40 mph. Substituting 40 into the rate on the return trip yields
30 mi/h. Now we can answer the question. Substitute the rate back into either equation and solve for d.

1 =10(3)
=20

The distance between home and work is 20 mi.

Analysis of the Solution

Note that we could have cleared the fractions in the equation by multiplying both sides of the equation by
the LCD to solve for r.

r(3) =(r—10)(35)
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6xr(3)=6x(r—10)(2)

3r =4(r —10)
3r =4r — 40
—r=—40

r =40

HOW WERE THE FRACTIONS HANDLED IN THE EXAMPLE ABOVE?

Recall that when solving multi-step equations, it is helpful to multiply by the LCD to clear the denominators

from the equation.
But it is also permissible to use operations on fractions to combine like terms. The example above

demonstrates both.
Answer

« In the text of the solution when solving for r the first time, the parentheses were eliminated using the
distributive property, then operations on fractions were used to combine like terms.

r(3) =(r-10)(3)

bt
“gr--2
7':—230(—6)
r =40

« Later, in the analysis of the solution, the LCD between the denominators 2 and 3 was multiplied on
both sides of the equation to cancel out the denominators so that operations on fractions were not
necessary. Do you see how the LCD wasn’t actually multiplied through on both sides, but that the
denominators cancelled out, resulting in a linear equation in one variable without denominators?

r(3)=-10(3)
6x7(3)=6x(r—10)(2)

3r=4(r—10)
3r =4r — 40
—r=—40

r =40

Both methods are equally correct unless your instructor requires you to specifically demonstrate
knowledge of one or the other.
Which do you prefer?

How To: Solve Multi-Step Equations
1. (Optional) Multiply to clear any fractions or decimals.

2. Simplify each side by clearing parentheses and combining like terms.
3. Add or subtract to isolate the variable term—you may have to move a term with the variable.
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4. Multiply or divide to isolate the variable.
5. Check the solution.

TRY IT

On Saturday morning, it took Jennifer 3.6 hours to drive to her mother’s house for the weekend. On
Sunday evening, due to heavy traffic, it took Jennifer 4 hours to return home. Her speed was 5 mi/h slower
on Sunday than on Saturday. What was her speed on Sunday?

Answer
45 .

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=171

EXAMPLE: SOLVING A PERIMETER PROBLEM

The perimeter of a rectangular outdoor patio is 54 ft. The length is 3 ft. greater than the width. What are
the dimensions of the patio?

Answer
The perimeter formula is standard: P = 2L 4 2W. We have two unknown quantities, length and width.
However, we can write the length in terms of the width as L = W + 3. Substitute the perimeter value and

the expression for length into the formula. It is often helpful to make a sketch and label the sides as shown
below.

L=W+3
Now we can solve for the width and then calculate the length.
P=2L+2W

54 =2 (W +3) + 2W
54 = 2W + 6 + 2W

54 =4W + 6
48 = 4W
12=W
(12+3)=1L
15=1L

The dimensions are L = 15 ftand W = 12 ft.

EVALUATING A VARIABLE FOR AN EXPRESSION
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In the example above, the length was written in terms of the width in order to substitute it for the variable L
to be able to write one equation in one variable.

This is a powerful technique in algebra and should be practiced until it becomes familiar, so it’s worth
taking a closer look.

Answer

We had P = 2L + 2W, which is one equation in two variables. Given the value for P, we don’t have
enough information to solve for either L or W.

But we do know that L = W + 3. We can use this to substitute for the L in the original equation. Be
careful to retain the original statement exactly, substituting only the value for L. A handy way to handle the
substitution is with a set of parentheses.

P=2L+2W

54 =2 (L) +2W  wrap the L to see where to make the substitution
54 = 2(W + 3) + 2W  drop the expression for L into the parentheses
54 = 2W 46 + 2W

54 =4W + 6

Now we have one equation in one variable. We can use the properties of equality to isolate the variable W
on one side, with its numerical value on the other.

TRY IT

Find the dimensions of a rectangle given that the perimeter is 110 cm. and the length is 1 cm. more than
twice the width.

Answer
L=37cm,W=18cm

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=171
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EXAMPLE: SOLVING AN AREA PROBLEM

The perimeter of a tablet of graph paper is 48 in®. The length is 6 in. more than the width. Find the area of
the graph paper.
Answer

The standard formula for area is A = LW ; however, we will solve the problem using the perimeter
formula. The reason we use the perimeter formula is because we know enough information about the
perimeter that the formula will allow us to solve for one of the unknowns. As both perimeter and area use
length and width as dimensions, they are often used together to solve a problem such as this one.

We know that the length is 6 in. more than the width, so we can write length as L = W + 6. Substitute the
value of the perimeter and the expression for length into the perimeter formula and find the length.

P=2L+2W
48 = 2 (W +6) + 2W
48 = 2W + 12 + 2W

48 = AW + 12
36 = 4W
9=W
(9+6)=L
15=1L

Now, we find the area given the dimensions of L = 15in. and W = 9 in.

A =LW
A =15(9)
= 135 in?

The area is 135 in2.

TRY IT

A game room has a perimeter of 70 ft. The length is five more than twice the width. How many ft2 of new
carpeting should be ordered?

Answer
250 ft2

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=171
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EXAMPLE: SOLVING A VOLUME PROBLEM

Find the dimensions of a shipping box given that the length is twice the width, the height is 8 inches, and

the volume is 1,600 in.3.
Answer

The formula for the volume of a box is given as V' = LW H, the product of length, width, and height. We
are given that L = 2W, and H = 8. The volume is 1, 600 cubic inches.

V=LWH
1,600 = (2W) W (8)
1,600 = 16W?

100 = W2

10=WwW

The dimensions are L = 20 in., W = 10 in., and H = 8 in.

Analysis of the Solution

Note that the square root of W2 would result in a positive and a negative value. However, because we are
describing width, we can use only the positive result.
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SUMMARY: MODELS AND APPLICATIONS

Key Concepts

» A linear equation can be used to solve for an unknown in a number problem.

» Applications can be written as mathematical problems by identifying known quantities and assigning a
variable to unknown quantities.

» There are many known formulas that can be used to solve applications. Distance problems, for
example, are solved using the d = rt formula.

« Many geometry problems are solved using the perimeter formula P = 2L + 2W, the area formula
A = LW, or the volume formula V = LWH.

Glossary
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area in square units, the area formula used in this section is used to find the area of any two-dimensional
rectangular region: A = LW

perimeter in linear units, the perimeter formula is used to find the linear measurement, or outside length and
width, around a two-dimensional regular object; for a rectangle: P = 2L + 2W

volume in cubic units, the volume measurement includes length, width, and depth: V = LW H
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INTRODUCTION TO QUADRATIC EQUATIONS

By the end of this section, you will be able to:

« Factor a quadratic equation to solve it.

+ Use the square root property to solve a quadratic equation.

« Use the Pythagorean Theorem and the square root property to find the unknown length of the side of
a right triangle.

« Complete the square to solve a quadratic equation.

» Use the quadratic formula to solve a quadratic equation.

» Use the discriminant to determine the number and type of solutions to a quadratic equation.

The left computer monitor in the image above is a 23.6-inch model and the one on the right is a 27-inch
model. Proportionally, the monitors appear very similar. If there is a limited amount of space and we desire
the largest monitor possible, how do we decide which one to choose? In this section, we will learn how to
solve problems such as this using four different methods.
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FACTORING AND THE SQUARE ROOT
PROPERTY

LEARNING OUTCOMES

« Factor a quadratic equation to solve it.

» Use the square root property to solve a quadratic equation.

» Use the Pythagorean Theorem and the square root property to find the unknown length of the side of
a right triangle.

RECALL: IDENTIFYING POLYNOMIALS

Recall that a polynomial is an expression containing variable terms joined together by addition or
subtraction. We can identify the degree of the polynomial by finding the term having the highest power
(largest exponent on its variable). That term will be the leading term of the polynomial and its degree is
the degree of the polynomial.

An equation containing a second-degree polynomial is called a quadratic equation. For example, equations
such as 222 + 3z — 1 = 0 and z? — 4 = 0 are quadratic equations. They are used in countless ways in the
fields of engineering, architecture, finance, biological science, and, of course, mathematics.

Often the easiest method of solving a quadratic equation is factoring. Factoring means finding expressions
that can be multiplied together to give the expression on one side of the equation.

If a quadratic equation can be factored, it is written as a product of linear terms. Solving by factoring
depends on the zero-product property which states thatif a - b = 0, then a = 0 or b = 0, where aand b are
real numbers or algebraic expressions. In other words, if the product of two numbers or two expressions
equals zero, then one of the numbers or one of the expressions must equal zero because zero multiplied by
anything equals zero.

Multiplying the factors expands the equation to a string of terms separated by plus or minus signs. So, in
that sense, the operation of multiplication undoes the operation of factoring. For example, expand the
factored expression (z — 2) (z + 3) by multiplying the two factors together.

(x—2)(z+3) =22+3z—-22—6
=z2+x—6

The product is a quadratic expression. Set equal to zero, 22 + 2 — 6 = 0 is a quadratic equation. If we were
to factor the equation, we would get back the factors we multiplied.

268



https://creativecommons.org/licenses/by/4.0/
http://cnx.org/contents/9b08c294-057f-4201-9f48-5d6ad992740d@5.2
https://creativecommons.org/licenses/by/4.0/

The process of factoring a quadratic equation depends on the leading coefficient, whether it is 1 or another
integer. We will look at both situations; but first, we want to confirm that the equation is written in standard
form, axz® + bx + ¢ = 0, where a, b, and c are real numbers and a # 0. The equation 22+ —6=0isin
standard form.

RECALL THE GREATEST COMMON FACTOR

The greatest common factor (GCF) is the largest number or variable expression that can divided evenly
into two or more numbers or expressions.

To find the GCF of an expression containing variable terms, first find the GCF of the coefficients, then find
the GCF of the variables. The GCF of the variables will be the smallest degree of each variable that
appears in each term.

For example, 4z is the GCF of 16z and 20z because it is the largest expression that divides evenly into
both 16z and 202:2.

When factoring, remember to look first for a greatest common factor. If you can find one to factor out, it will
usually make your factoring task less challenging.

We can use the zero-product property to solve quadratic equations in which we first have to factor out the
greatest common factor (GCF), and for equations that have special factoring formulas as well, such as the
difference of squares, both of which we will see later in this section.

A GENERAL NOTE: THE ZERO-PRODUCT PROPERTY AND QUADRATIC
EQUATIONS

The zero-product property states
Ifa-b=0, thena=0o0rb=0,
where a and b are real numbers or algebraic expressions.
A quadratic equation is an equation containing a second-degree polynomial; for example
ax? +bx+c=0
where a, b, and c are real numbers, and a # 0. It is in standard form.

Solving Quadratics with a Leading Coefficient of 1

In the quadratic equation 22 + z — 6 = 0, the leading coefficient, or the coefficient of 22, is 1. We have one
method of factoring quadratic equations in this form.

HOW TO: GIVEN A QUADRATIC EQUATION WITH THE LEADING
COEFFICIENT OF 1, FACTORIT

1. Find two numbers whose product equals ¢ and whose sum equals b.

2. Use those numbers to write two factors of the form (z + k) or (z — k), where kis one of the
numbers found in step 1. Use the numbers exactly as they are. In other words, if the two numbers are
1 and —2, the factors are (z + 1) (x — 2).

3. Solve using the zero-product property by setting each factor equal to zero and solving for the variable.

Using the Square Root Property

When there is no linear term in the equation, another method of solving a quadratic equation is by using the
square root property, in which we isolate the z? term and take the square root of the number on the other
side of the equal sign. Keep in mind that sometimes we may have to manipulate the equation to isolate the

269



EXAMPLE: FACTORING AND SOLVING A QUADRATIC WITH LEADING
COEFFICIENT OF 1

Factor and solve the equation: 22 + z — 6 = 0.
Answer

To factor 22 + = — 6 = 0, we look for two numbers whose product equals —6 and whose sum equals 1.
Begin by looking at the possible factors of —6.

1-(-6)
(=6)-1
2-(=3)

3-(-2)

The last pair, 3 - (—2) sums to 1, so these are the numbers. Note that only one pair of numbers will work.
Then, write the factors.

(z—-2)(z+3)=0
To solve this equation, we use the zero-product property. Set each factor equal to zero and solve.

(z—2)(z+3)=0

(x—2)=0

x=2

(x+3)=0

z=-3
The two solutions are £ = 2 and x = —3. We can see how the solutions relate to the graph below. The

solutions are the x-intercepts of the graph of 22 + = — 6.

270




TRY IT

Factor and solve the quadratic equation: z? — 5z — 6 = 0.
Answer
(x—6)(z+1)=0;2=6,z=—1

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=174

x? term so that the square root property can be used.

A GENERAL NOTE: THE SQUARE ROOT PROPERTY

With the 22 term isolated, the square root propty states that:
if 22 = k,then z = £k
where kis a nonzero real number.

RECALL: PRINCIPAL SQUARE ROOT

Recall that the princicpal square root of a number such as /9 is the non-negative root, 3.

And note that there is a difference between v/9 and z2 = 9. In the case of 2 = 9, we seek all
numbers whose square is 9, that is ¢ = +£3.

Using the Pythagorean Theorem
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HOW TO: GIVEN A QUADRATIC EQUATION WITH AN z? TERM BUT NO z
TERM, USE THE SQUARE ROOT PROPERTY TO SOLVE IT

1. Isolate the z2 term on one side of the equal sign.

2. Take the square root of both sides of the equation, putting a & sign before the expression on the side
opposite the squared term.

3. Simplify the numbers on the side with the + sign.

EXAMPLE: SOLVING A SIMPLE QUADRATIC EQUATION USING THE
SQUARE ROOT PROPERTY

Solve the quadratic using the square root property: 2 = 8.
Answer

Take the square root of both sides, and then simplify the radical. Remember to use a & sign before the
radical symbol.

z2 =8
r =448
=422

The solutions are z = 24/2, z = —2+/2.

EXAMPLE: SOLVING A QUADRATIC EQUATION USING THE SQUARE
ROOT PROPERTY

Solve the quadratic equation: 422 +1 =7
Answer
First, isolate the 2% term. Then take the square root of both sides.

422 +1=17
422 =6

e

8
I
|

e

The solutions are x =

TRY IT
Solve the quadratic equation using the square root property: 3(z — 4)2 = 15.
Answer
z=44++5
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=174

One of the most famous formulas in mathematics is the Pythagorean Theorem. It is based on a right
triangle and states the relationship among the lengths of the sides as a® + b? = ¢2, where a and b refer to
the legs of a right triangle adjacent to the 90° angle, and c refers to the hypotenuse. It has immeasurable
uses in architecture, engineering, the sciences, geometry, trigonometry, and algebra, and in everyday
applications.

We use the Pythagorean Theorem to solve for the length of one side of a triangle when we have the lengths
of the other two. Because each of the terms is squared in the theorem, when we are solving for a side of a
triangle, we have a quadratic equation. We can use the methods for solving quadratic equations that we
learned in this section to solve for the missing side.

The Pythagorean Theorem is given as

where a and b refer to the legs of a right triangle adjacent to the 90° angle, and c refers to the hypotenuse.

-

EXAMPLE: FINDING THE LENGTH OF THE MISSING SIDE OF A RIGHT
TRIANGLE

Find the length of the missing side of the right triangle.

12

Answer
As we have measurements for side b and the hypotenuse, the missing side is a.

a2+ =¢c?

a? +(4)° = (12)°
a’ +16 = 144

a’? =128
a=+/128
a=82

TRY IT
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Use the Pythagorean Theorem to solve the right triangle problem: Leg a measures 4 units, leg b
measures 3 units. Find the length of the hypotenuse.

Answer
5 units

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=174
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COMPLETING THE SQUARE AND THE
QUADRATIC FORMULA

LEARNING OUTCOMES

« Complete the square to solve a quadratic equation.
» Use the quadratic formula to solve a quadratic equation.
» Use the discriminant to determine the number and type of solutions to a quadratic equation.

Not all quadratic equations can be factored or can be solved in their original form using the square root
property. In these cases, we may use a method for solving a quadratic equation known as completing the
square. Using this method, we add or subtract terms to both sides of the equation until we have a perfect
square trinomial on one side of the equal sign. We then apply the square root property. To complete the
square, the leading coefficient, a, must equal 1. If it does not, then divide the entire equation by a. Then, we
can use the following procedures to solve a quadratic equation by completing the square.

We will use the example z2 4 4z + 1 = 0 to illustrate each step.

1. Given a quadratic equation that cannot be factored and with a = 1, first add or subtract the constant

term to the right sign of the equal sign.
z? +4z=-1

2. Multiply the b term by % and square it.
34)=2

22 =4

3. Add (%b)2 to both sides of the equal sign and simplify the right side. We have
P44z +4=-1+4
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22 4+4r+4=3

4. The left side of the equation can now be factored as a perfect square.
22 +4r+4=3

(x+2)°=3
5. Use the square root property and solve.
\/(x +2) =43
z+2==4+3
r=-24++3

6. The solutions are z = —2 + /3, z = —2 — /3.

PROPERTIES OF EQUALITY AND TAKING THE SQUARE ROOT OF BOTH
SIDES

Remember that we are permitted, by the properties of equality, to add, subtract, multiply, or divide the
same amount to both sides of an equation. Doing so won’t change the value of the equation but it will
enable us to isolate the variable on one side (that is, to solve the equation for the variable).

The square root property gives us another operation we can do to both sides of an equation, taking the
square root. We just have to remember when taking the square root (or any even root, as we’ll see later),
to consider both the positive and negative possibilities of the constant.

The square root property
If oz =k

Then z = Ltk

Using the Quadratic Formula

The fourth method of solving a quadratic equation is by using the quadratic formula, a formula that will
solve all quadratic equations. Although the quadratic formula works on any quadratic equation in standard
form, it is easy to make errors in substituting the values into the formula. Pay close attention when
substituting, and use parentheses when inserting a negative number.

We can derive the quadratic formula by completing the square. We will assume that the leading coefficient
is positive; if it is negative, we can multiply the equation by —1 and obtain a positive a. Given
ax? +bx + c =0, a # 0, we will complete the square as follows:

1. First, move the constant term to the right side of the equal sign:

ax? +br = —c

2. As we want the leading coefficient to equal 1, divide through by a:
gt 4 bp=—¢
a a

. . 2 . .
3. Then, find § of the middle term, and add (1 2)" = % to both sides of the equal sign:
2. b ¥ o c
AT g T e
4. Next, write the left side as a perfect square. Find the common denominator of the right side and write it
as a single fraction:
b \2 _ b’ —dac
(m + %) - 4a2
5. Now, use the square root property, which gives
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EXAMPLE: SOLVING A QUADRATIC BY COMPLETING THE SQUARE

Solve the quadratic equation by completing the square: 2> — 3z — 5 = 0.

Answer
First, move the constant term to the right side of the equal sign by adding 5 to both sides of the equation.
22 -3x=5
Then, take % of the b term and square it.
b-9)=-4
3\2 _ 9
(=2) =1

Add the result to both sides of the equal sign.
2 2

v 3ot (-3) =5+ (<)

a2 —3z+ 3 =5+1%

Factor the left side as a perfect square and simplify the right side.

2
-2 -%

Use the square root property and solve.

TRY IT

Solve by completing the square: z? — 6z = 13.
Answer

r=3++22

Note that when solving a quadratic by completing the square, a negative value will sometimes arise under
the square root symbol. Later, we’ll see that this value can be represented by a complex number (as
shown in the video help for the problem below). We may also treat this type of solution as unreal, stating
that no real solutions exist for this equation, by writing DNE. We will study complex numbers more
thoroughly in a later module.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=175

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=175

b / b —4ac
T+ 2a 4a?

276




+i . :I:\/b274ac
z 2a 2a

6. Finally, add —2—”& to both sides of the equation and combine the terms on the right side. Thus,

—bt+/b?—4dac
- 2a

A GENERAL NOTE: THE QUADRATIC FORMULA

Written in standard form, az? + bz + ¢ = 0, any quadratic equation can be solved using the quadratic
formula:
—b:l:\/b274ac
2a
where a, b, and c are real numbers and a = 0.

HOW TO: GIVEN A QUADRATIC EQUATION, SOLVE IT USING THE
QUADRATIC FORMULA

1. Make sure the equation is in standard form: az? + bz + ¢ = 0.

2. Make note of the values of the coefficients and constant term, a, b, and c.

3. Carefully substitute the values noted in step 2 into the equation. To avoid needless errors, use
parentheses around each number input into the formula.

4. Calculate and solve.

EXAMPLE : SOLVE A QUADRATIC EQUATION USING THE QUADRATIC
FORMULA

Solve the quadratic equation: z2 4 5z 4+ 1 = 0.
Answer
Identify the coefficients: a = 1,b = 5, c = 1. Then use the quadratic formula.

Tr —

2(1)

—544/25—14
2

—54+/21
2

RECALL ADDING AND SUBTRACTING FRACTIONS

The form we have used to recall adding and subtracting fractions can help us write the solutions to
quadratic equations.

a c ad =+ be
Z 4+ = =

b d bd
Ex. The solutions

L b Vb® — dac
N 2a
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can also be written as two separate fractions

—b N Vb% — dac

w:% 2a

EXAMPLE: SOLVING A QUADRATIC EQUATION WITH THE QUADRATIC
FORMULA

Use the quadratic formula to solve z2 + z + 2 = 0.
Answer

First, we identify the coefficients:a = 1,b =1, and ¢ = 2.
Substitute these values into the quadratic formula.

—b+ \/b2—4ac

Z

2a
W)~ @) 1)@
2-1
-1+4/1-8
2

—14+4/-7
2

The solutions to the equation are unreal because the square root of a negative number does not exist in
the real numbers. If asked to find all real solutions, we would indicate that they do not exist by
writing DNE.

We may also express unreal solutions as complex numbers by writing

—1+4/7
r=——"
2
or
1 7 1 7
T = -3 + %z and z = —3 %z , where y/—1 is expressed as 1.

TRY IT
Solve the quadratic equation using the quadratic formula: 922 + 3z — 2 = 0.
Answer
o=-%2=}

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=175

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=175

The Discriminant
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The quadratic formula not only generates the solutions to a quadratic equation, it tells us about the nature
of the solutions when we consider the discriminant, or the expression under the radical, b? — 4ac. The
discriminant tells us whether the solutions are real numbers or complex numbers as well as how many
solutions of each type to expect. The table below relates the value of the discriminant to the solutions of a
quadratic equation.

Value of Discriminant Results

b2 —4ac=0 One rational solution (double solution)
b — 4ac > 0, perfect square Two rational solutions

b?> — 4ac > 0, not a perfect square Two irrational solutions

b2 — dac < 0 Two complex solutions

RECALL RATIONAL AND IRRATIONAL NUMBERS ARE REAL NUMBERS

« Rational numbers: A rational number is a number that can be expressed as a ratio of integers (a
fraction with an integer numerator and a positive, non-zero integer denominator). The square root of a

. . . ) . -
perfect square, such as /25 is rational because it can be expressed as 1= 5. Solutions containing

only rational numbers are themselves rational solutions.

« Irrational numbers: All the real numbers that are not rational are called irrational numbers. These
numbers cannot be expressed as a fraction of integers. As quadratic solutions, irrational numbers
arise in the form of a square root of a numbers that is not a perfect square. For example, 1/6 cannot
be expressed as a ratio of two integers. /6 is an irrational number. Solutions containing an irrational
number are themselves irrational solutions.

» Both rational and irrational numbers are real numbers. Quadratic solutions that are either rational or
irrational are real solutions.

» Quadratic solutions that are unreal (they have a negative under the square root symbol, the
radical symbol) are called complex solutions.

A GENERAL NOTE: THE DISCRIMINANT

For axz? + bx + ¢ = 0, where a, b, and c are real numbers, the discriminant is the expression under the
radical in the quadratic formula: b? — 4ac. It tells us whether the solutions are real numbers or complex
numbers and how many solutions of each type to expect.
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EXAMPLE: USING THE DISCRIMINANT TO FIND THE NATURE OF THE
SOLUTIONS TO A QUADRATIC EQUATION

Use the discriminant to find the nature of the solutions to the following quadratic equations:

1.224+42+4=0
2.822+14z+3=0
3.322-5z—-2=0
4,322 - 10z +15=0

Answer
Calculate the discriminant b> — 4ac for each equation and state the expected type of solutions.

1. 2% + 42 + 4 = 0: b* — 4ac = (4) — 4 (1) (4) = 0. There will be one rational double solution.

2. 822 + 14z + 3 = 0: b> — dac = (14)® — 4(8) (3) = 100. As 100 is a perfect square, there will be two
rational solutions.

3.3z — bz — 2 = 0:b? — dac = (—5)> — 4(3) (—2) = 49. As 49 is a perfect square, there will be two
rational solutions.

4.3z% — 10z + 15 = 0: b> — dac = (—10)* — 4 (3) (15) = —80. There will be two complex solutions.

TRY IT

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=175
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SUMMARY: QUADRATIC EQUATIONS

Key Concepts

« Many quadratic equations can be solved by factoring when the equation has a leading coefficient of 1 or
if the equation is a difference of squares. The zero-factor property is then used to find solutions.

« Many quadratic equations with a leading coefficient other than 1 can be solved by factoring using the
grouping method.
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» Another method for solving quadratics is the square root property. The variable is squared. We isolate
the squared term and take the square root of both sides of the equation. The solution will yield a positive
and negative solution.

» Completing the square is a method of solving quadratic equations when the equation cannot be
factored.

» A highly dependable method for solving quadratic equations is the quadratic formula based on the
coefficients and the constant term in the equation.

» The discriminant is used to indicate the nature of the solutions that the quadratic equation will yield: real
or complex, rational or irrational, and how many of each.

» The Pythagorean Theorem, among the most famous theorems in history, is used to solve right-triangle
problems and has applications in numerous fields. Solving for the length of one side of a right triangle
requires solving a quadratic equation.

Glossary

completing the square a process for solving quadratic equations in which terms are added to or subtracted
from both sides of the equation in order to make one side a perfect square

discriminant the expression under the radical in the quadratic formula that indicates the nature of the
solutions, real or complex, rational or irrational, single or double roots.

Pythagorean Theorem a theorem that states the relationship among the lengths of the sides of a right
triangle, used to solve right triangle problems

quadratic equation an equation containing a second-degree polynomial; can be solved using multiple
methods

quadratic formula a formula that will solve all quadratic equations

square root property one of the methods used to solve a quadratic equation in which the z2 term is
isolated so that the square root of both sides of the equation can be taken to solve for x

zero-product property the property that formally states that multiplication by zero is zero so that each factor
of a quadratic equation can be set equal to zero to solve equations
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INTRODUCTION TO EQUATION-SOLVING
TECHNIQUES

By the end of this section, you will be able to:
» Solve a radical equation, identify extraneous solution.
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« Solve an equation with rational exponents.
» Solve polynomial equations.
* Solve absolute value equations.

We have solved linear equations, rational equations, and quadratic equations using several methods.
However, there are many other types of equations, and we will investigate a few more types in this section.
We will look at equations involving rational exponents, polynomial equations, radical equations, absolute
value equations, equations in quadratic form, and some rational equations that can be transformed into
quadratics. Solving any equation, however, employs the same basic algebraic rules. We will learn some new
techniques as they apply to certain equations, but the algebra never changes.
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EQUATIONS WITH RADICALS AND RATIONAL
EXPONENTS

LEARNING OUTCOMES

» Solve a radical equation, identify extraneous solution.
» Solve an equation with rational exponents.

Radical equations are equations that contain variables in the radicand (the expression under a radical
symbol), such as

V3z+18 ==z
VEF3—o—3
Ve+5b—yx—3=2

Radical equations may have one or more radical terms and are solved by eliminating each radical, one at a
time. We have to be careful when solving radical equations as it is not unusual to find extraneous
solutions, roots that are not, in fact, solutions to the equation. These solutions are not due to a mistake in
the solving method, but result from the process of raising both sides of an equation to a power. Checking
each answer in the original equation will confirm the true solutions.

A GENERAL NOTE: RADICAL EQUATIONS

An equation containing terms with a variable in the radicand is called a radical equation.

Solve Equations With Rational Exponents
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HOW TO: GIVEN A RADICAL EQUATION, SOLVE IT

1. Isolate the radical expression on one side of the equal sign. Put all remaining terms on the other side.

2. If the radical is a square root, then square both sides of the equation. If it is a cube root, then raise
both sides of the equation to the third power. In other words, for an nth root radical, raise both sides to
the nth power. Doing so eliminates the radical symbol.

3. Solve the resulting equation.

4. If a radical term still remains, repeat steps 1-2.

5. Check solutions by substituting them into the original equation.

RECALL MULTIPLYING POLYNOMIAL EXPRESSIONS

When squaring (or raising to any power) both sides of an equation as in step (2) above, don’t forget to
apply the properties of exponents carefully and distribute all the terms appropriately.

(z+3)7 #2249
(z2+3)°=(z+3)(z+3)=a>+62+9
The special form for perfect square trinomials comes in handy when solving radical equations.
(a+b)® = a2 + 2ab+ b2
(a—b)? = a® — 2ab + b
This enables us to square binomials containing radicals by following the form.
(x—3x =772 =a2>—23z— 7+ (/3z—7)°
=223 —T7+3z-7

Rational exponents are exponents that are fractions, where the numerator is a power and the denominator is

a root. For example, 16 is another way of writing /16 and 85 is another way of writing ({‘/§)2

We can solve equations in which a variable is raised to a rational exponent by raising both sides of the
equation to the reciprocal of the exponent. The reason we raise the equation to the reciprocal of the
exponent is because we want to eliminate the exponent on the variable term, and a number multiplied by
its reciprocal equals 1. For example, 2 (3) = 1.
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EXAMPLE: SOLVING AN EQUATION WITH ONE RADICAL
Solve /15 — 2x = .

Answer
The radical is already isolated on the left side of the equal sign, so proceed to square both sides.

V5= 2% ==
(VT5 —22)" = (2)”
15 — 2z = z?
We see that the remaining equation is a quadratic. Set it equal to zero and solve.
0=2%+2x—-15
0=(z+5)(z—3)

r=-5

=3
The proposed solutions are £ = —b5 and =z = 3. Let us check each solution back in the original equation.
First, check x = —5.

V16 -2z ==z

V15 —2(=5) = -5

V25 = -5

5# —5

This is an extraneous solution. While no mistake was made solving the equation, we found a solution that
does not satisfy the original equation.

Check z = 3.
V52 ==
JI5-2(3) =3
Vo=3

3=3

The solution is x = 3.

TRY IT
Solve the radical equation: /x +3 =3x — 1
Answer
x = 1; extraneous solution z = —%

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=178
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EXAMPLE: SOLVING A RADICAL EQUATION CONTAINING TWO RADICALS

Solve 2z + 3+ vz —2 =4.

Answer
As this equation contains two radicals, we isolate one radical, eliminate it, and then isolate the second

radical.
V2z+3++/zx—-2=4

V2r+3=4—+/x—2 Subtract v/ — 2 from both sides.
(vV2z +3)° = (4 — vz —2)° Square both sides.

Use the perfect square formula to expand the right side: (a — b)2 =a? — 2ab+ b°.
2¢+3=4)>-2(4)vz—2+ (Vz—2)°
20 +3=16—-8yVz — 2+ (z — 2)

2c+3=14+x — 8y/x — 2 Combine like terms.
z—11=—-8y/x—2 Isolate the second radical.
(x — 11)2 = (—8yx — 2)2 Square both sides.

2?2 — 22z + 121 = 64 (z — 2)

Now that both radicals have been eliminated, set the quadratic equal to zero and solve.
x? — 22z + 121 = 64x — 128
z? — 86z +249 =0

(x—3)(z—83)=0 Factor and solve.
=3
z =83

The proposed solutions are z = 3 and = = 83. Check each solution in the original equation.

V2z+3++/zx—-2=4

V2z+3=4—\z -2

VIB T3=4- /B2

VI=4- 1

3=3

One solution is = 3.

Check = = 83.

V2 +3+zx—2=4

V22 +3=4—\z -2
2(83) +3=4—,/(83-2)
169 =4 — /81
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13 # —5

The only solution is x = 3. We see that x = 83 is an extraneous solution.

TRY IT
Solve the equation with two radicals: v/3z + 7 + vz +2 = 1.
Answer
xr = —2; extraneous solution z = —1

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=178

RECALL REWRITING EXPRESSIONS CONTAINING EXPONENTS

Recall the properties used to simplify expressions containing exponents. They work the same whether the
exponent is an integer or a fraction.

It is helpful to remind yourself of these properties frequently throughout the course. They will by handy
from now on in all the mathematics you’ll do.

Product Rule: am - " = g™t
am
Quotient Rule: Z_ _—gmn
an
Power Rule: (a™)" = g™
Zero Exponent: a =1

1
Negative Exponent: ™" = — and a" = pry
Power of a Product: (ab)" = a"b"

an

. a\"
Power of a Quotient: (—) = e

b

A GENERAL NOTE: RATIONAL EXPONENTS

A rational exponent indicates a power in the numerator and a root in the denominator. There are multiple
ways of writing an expression, a variable, or a number with a rational exponent:

ot = (a%)" = (@")* = v = (va)"
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EXAMPLE: EVALUATING A NUMBER RAISED TO A RATIONAL EXPONENT

Evaluate 85 .
Answer
Whether we take the root first or the power first depends on the number. It is easy to find the cube root of

i 2 1) 2
8, so rewrite 83 as (83) .

TRY IT

Evaluate 64*5

Answer
1

4

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=178

EXAMPLE: SOLVING AN EQUATION INVOLVING A VARIABLE RAISED TO A
RATIONAL EXPONENT

Solve the equation in which a variable is raised to a rational exponent: zT =32,
Answer

The way to remove the exponent on x is by raising both sides of the equation to a power that is the
reciprocal of 2, which is 4.

ot

x1 =32
5 3 4
(:pZ) T =(32)5
z=(2)" The fifth root of 32 is 2.
x =16

TRY IT

Solve the equation zr =125,
Answer

25
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=178

RECALL FACTORING WHEN THE GCF IS A VARIABLE

Remember, when factoring a GCF (greatest common factor) from a polynomial expression, factor out the
smallest power of the variable present in each term. This works whether the exponent on the variable is
an integer or a fraction.
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EXAMPLE: SOLVING AN EQUATION INVOLVING RATIONAL EXPONENTS
AND FACTORING

3 1
Solve 3z7 = z2.
Answer

This equation involves rational exponents as well as factoring rational exponents. Let us take this one step
at a time. First, put the variable terms on one side of the equal sign and set the equation equal to zero.

321 — (w‘) =3 — (g;-)

o=

3 1
3z:s —x2 =0

Now, it looks like we should factor the left side, but what do we factor out? We can always factor the term
1 2 2
with the lowest exponent. Rewrite 2 as x7. Then, factor out 7 from both terms on the left.

EN )
B

3z =0

— X

:1:% (3:1:% —1) =0

Where did :z:i come from? Remember, when we multiply two numbers with the same base, we add the

exponents. Therefore, if we multiply 27 back in using the distributive property, we get the expression we
had before the factoring, which is what should happen. We need an exponent such that when added to %

equals %. Thus, the exponent on x in the parentheses is %.
Let us continue. Now we have two factors and can use the zero factor theorem.

2 1
o (3;cz —1) —0

zi =0

=0

3w% —1=

3zi =1

i =1 Divide both sides by 3.

4
(:1: Z) = ( )4 Raise both sides to the reciprocal of i.

1

The two solutions are ¢ = 0, £ = i

TRY IT

Solve: (z + 5)% = 8.
Answer

~1
|
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=178
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SOLVING OTHER TYPES OF EQUATIONS

LEARNING OUTCOMES

» Solve polynomial equations.
» Solve absolute value equations.

We have used factoring to solve quadratic equations, but it is a technique that we can use with many types
of polynomial equations which are equations that contain a string of terms including numerical coefficients
and variables. When we are faced with an equation containing polynomials of degree higher than 2, we can
often solve them by factoring.

RECALL THE ZERO-PRODUCT PROPERTY

Solving by factoring depends on the zero-product property which states thatif a - b = 0, thena = 0 or
b = 0, where a and b are real numbers or algebraic expressions.

In other words if the product of two expressions equals zero, then at least one of the expressions must
equal zero.

We may apply the zero-product property to polynomial equations in the same way we did to quadratic
equations.

A GENERAL NOTE: POLYNOMIAL EQUATIONS

A polynomial of degree nis an expression of the type
anx" +ap 12" M+ agx? a1z +ag
where nis a positive integer and a,, . . . , ag are real numbers and a,, # 0.

Setting the polynomial equal to zero gives a polynomial equation. The total number of solutions (real and
complex) to a polynomial equation is equal to the highest exponent n.

TRY IT
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=179

Solving an Absolute Value Equation

An absolute value equation is an equation in which the variable of interest is contained within absolute
value bars. Absolute value is defined as a distance. That is, the bars are used to designate that the number
inside the absolute value represents its distance from zero on the number line. For example, to solve an
equation such as |2z — 6 |= 8, notice that the absolute value will be equal to 8 if the quantity inside the
absolute value bars is 8 or —8. This leads to two different equations we can solve independently.

2c—6=8 or 2r—6—=—8
20 =14 20 = —2

=71 r=-1

Checking both solutions by evaluating them in the original equation shows that both 7 and —1 both make the
statement true.

In applications, we may need to identify numbers or points on a line that are a specified distance from a
given reference point. We can use an absolute value to accomplish such a task.

A GENERAL NOTE: ABSOLUTE VALUE EQUATIONS

The absolute value of x is written as |z|. It has the following properties:
Ifx > 0, then |z| = .

If z <0, then |z| = —=z.

For real numbers A and B, an equation of the form |A| = B, with B > 0, will have solutions when A = B
or A= —B. If B <0, the equation |A| = B has no solution.

An absolute value equation in the form |az + b| = ¢ has the following properties:

If ¢ < 0, |az + b| = c has no solution.
If c = 0, |ax + b| = c has one solution.

If ¢ > 0, |az + b| = ¢ has two solutions.

HOW TO: GIVEN AN ABSOLUTE VALUE EQUATION, SOLVE IT

1. Isolate the absolute value expression on one side of the equal sign.
2. If ¢ > 0, write and solve two equations: ax + b =cand axz + b = —c.

Other Types of Equations

There are many other types of equations in addition to the ones we have discussed so far. We will see more
of them throughout the text. Here, we will discuss equations that are in quadratic form and rational equations
that result in a quadratic.
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EXAMPLE: SOLVING ABSOLUTE VALUE EQUATIONS

Solve the following absolute value equations:
a. |6z +4|=8
b. |3z +4| = -9
C.|3x—5/—4=6
d.|—5z+10/=0
Answer
a. |6x+4 =8
Write two equations and solve each:
6x+4=8 or 6x+4=—-8

6x =4 6x = —12
T = % = -2
The two solutions are z = 2, z = —2.

b. |3z + 4| = -9

There is no solution as an absolute value cannot be negative.
c.|3z—5—4=6

Isolate the absolute value expression and then write two equations.

|3z — 5| —-4=6

|3z — 5| =10
3z —-5=10 3z —5=-10
3z =15 3z = -5
z=25 a::—%

There are two solutions: x =5,z = —

d.|—5z+10/=0

The equation is set equal to zero, so we have to write only one equation.
—bx+10=0

—bxr = —10

w|ont

T=2

There is one solution: x = 2.

RECALL PROPERTIES OF EQUALITY

When solving absolute value equations, the absolute value expression must be isolated on one side of the

equation before setting up the two cases to remove the absolute value bars.

Use the properties of equality to isolate the absolute value expression, but avoid multiplying into or

dividing from any expression inside the bars.
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Ex. use the properties of equality and the techniques of solving linear equations to isolate the absolute
value expression in the equation 5 — 2 | 3z — 4 |= —7, then solve the equation.

Answer
52|32z —4|=-7
—2 |3z — 4| = —12 subtract the 5 to the right-hand side
|3z — 4| =6 divide by -2

Solution
2 10
r=—-——,0= —
3 3

TRY IT
Solve the absolute value equation: |1 — 4z| 4+ 8 = 13.
Answer
z=—-1,z= %

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=179

Solving Equations in Quadratic Form

Equations in quadratic form are equations with three terms. The first term has a power other than 2. The
middle term has an exponent that is one-half the exponent of the leading term. The third term is a constant.
We can solve equations in this form as if they were quadratic. A few examples of these equations include
2t — 522+ 4=0,2%+ 723 —8=0,and z3 +4z7 + 2 = 0. In each one, doubling the exponent of the
middle term equals the exponent on the leading term. We can solve these equations by substituting a
variable for the middle term.

A GENERAL NOTE: QUADRATIC FORM

If the exponent on the middle term is one-half of the exponent on the leading term, we have an equation
in quadratic form which we can solve as if it were a quadratic. We substitute a variable for the middle
term to solve equations in quadratic form.

HOW TO: GIVEN AN EQUATION QUADRATIC IN FORM, SOLVE IT

1. Identify the exponent on the leading term and determine whether it is double the exponent on the
middle term.

. If it is, substitute a variable, such as u, for the variable portion of the middle term.

. Rewrite the equation so that it takes on the standard form of a quadratic.

. Solve using one of the usual methods for solving a quadratic.

. Replace the substitution variable with the original term.

. Solve the remaining equation.

OO~ WN

Solving Rational Equations Resulting in a Quadratic

Earlier, we solved rational equations. Sometimes, solving a rational equation results in a quadratic. When
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EXAMPLE: SOLVING A FOURTH-DEGREE EQUATION IN QUADRATIC
FORM

Solve this fourth-degree equation: 3z* — 222 — 1 = 0.
Answer

This equation fits the main criteria: that the power on the leading term is double the power on the middle
term. Next, we will make a substitution for the variable term in the middle. Let u = z2. Rewrite the
equation in u.

3u? —2u—1=0
Now solve the quadratic.

3u? —2u—1=0
Bu+1)(u—1)=0
Solve for u.
3u+1=0

Replace u with its original term.

u—1=0
u=1
2 =1
z==1

The solutions are x = iz\/g and x = +1.

TRY IT
Solve using substitution: z* — 822 — 9 = 0.
Answer
c=—3,3,—i,i

this happens, we continue the solution by simplifying the quadratic equation by one of the methods we have
seen. It may turn out that there is no solution.
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EXAMPLE: SOLVING AN EQUATION IN QUADRATIC FORM CONTAINING A
BINOMIAL

Solve the equation in quadratic form: (z + 2)° + 11 (z 4+ 2) — 12 = 0.
Answer

This equation contains a binomial in place of the single variable. The tendency is to expand what is
presented. However, recognizing that it fits the criteria for being in quadratic form makes all the difference
in the solving process. First, make a substitution letting u = = + 2. Then rewrite the equation in u.

w4+ 1lu—12=0
(u+12)(u—1)=0

Solve using the zero-factor property and then replace u with the original expression.
u+12=0

u=-—12
rT+2=-12
r=-14

The second factor results in
u—1=0

u=1

We have two solutions: ¢ = —14, ¢ = —1.

TRY IT
Solve: (z — 5)* — 4 (z —5) — 21 = 0.
Answer
r=2,x =12

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=179

RECALL DIVISION BY ZERO

Dividing zero by a number results in zero.

0
~ =0,
a

But we cannot divide by zero. A zero in a denominator results in an undefined expression.

% = undefined

295




When solving rational equations in which a variable is contained in a denominator, always declare the
value of the variable which would result in an undefined equation so that you won't forget to exclude it
from the solution set.

EXAMPLE: SOLVING A RATIONAL EQUATION LEADING TO A QUADRATIC

Solve the following rational equation: ;—f”{ + 7=

Answer
We want all denominators in factored form to find the LCD. Two of the denominators cannot be factored
further. However, 22 — 1 = (z + 1) (x — 1). Then, the LCD is (z + 1) (z — 1). Next, we multiply the

whole equation by the LCD.

@+1) -1 [+ 4] = |[is] @+ D E-1
—dz(z+1)+4(zx—1)=-8

—4z% —4dr + 4z — 4= -8

—4z22+4=0

—4 (22 -1)=0

—4(z+1)(z—1)=0

r=-—1

z=1

In this case, either solution produces a zero in the denominator in the original equation. Thus, there is no
solution.

TRY IT

3z+2 1 -2
Solve = + 5 = 5
Answer
z = —1, x = 0 is not a solution.

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=179
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SUMMARY: EQUATION - SOLVING
TECHNIQUES

Key Concepts

» Rational exponents can be rewritten several ways depending on what is most convenient for the
problem. To solve a radical equation, both sides of the equation are raised to a power that will render
the exponent on the variable equal to 1.

» Factoring extends to higher-order polynomials when it involves factoring out the GCF or factoring by
grouping.

» We can solve radical equations by isolating the radical and raising both sides of the equation to a power
that matches the index.

« To solve absolute value equations, we need to write two equations, one for the positive value and one
for the negative value.

» Equations in quadratic form are easy to spot, as the exponent on the first term is double the exponent
on the second term and the third term is a constant. We may also see a binomial in place of the single
variable. We use substitution to solve.

» Solving a rational equation may also lead to a quadratic equation or an equation in quadratic form.

Glossary

absolute value equation an equation in which the variable appears in absolute value bars, typically with
two solutions, one accounting for the positive expression and one for the negative expression

equations in quadratic form equations with a power other than 2 but with a middle term with an exponent
that is one-half the exponent of the leading term

extraneous solutions any solutions obtained that are not valid in the original equation

polynomial equation an equation containing a string of terms including numerical coefficients and variables
raised to whole-number exponents

radical equation an equation containing at least one radical term where the variable is part of the radicand
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By the end of this section, you will be able to:

Use interval notation to express inequalities.
Use properties of inequalities.

Solve compound inequalities.

Solve absolute value inequalities.

It is not easy to make the honor roll at most top universities. Suppose students were required to carry a
course load of at least 12 credit hours and maintain a grade point average of 3.5 or above. How could these
honor roll requirements be expressed mathematically? In this section, we will explore various ways to
express different sets of numbers, inequalities, and absolute value inequalities.

Licensing & Attributions

CC licensed content, Original
+ Revision and Adaptation. Provided by: Lumen Learning. License: CC BY: Attribution
CC licensed content, Shared previously

« College Algebra. Authored by: Abramson, Jay et al.. Provided by: OpenStax. Located at: http://cnx.org/contents/9b08c294-057f-4201-9f48-5d6ad992740d@5.2. License: CC BY: Attribution. License Terms: Download for
free at http://cnx.org/contents/9b08c294-057f-4201-9f48-5d6ad992740d@5.2

WRITING AND MANIPULATING INEQUALITIES

LEARNING OUTCOMES

« Use interval notation to express inequalities.
» Use properties of inequalities.

Indicating the solution to an inequality such as @ > 4 can be achieved in several ways.

We can use a number line as shown below. The blue ray begins at x = 4 and, as indicated by the
arrowhead, continues to infinity, which illustrates that the solution set includes all real numbers greater than
or equal to 4.
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We can use set-builder notation: {z|z > 4}, which translates to “all real numbers x such that x is greater
than or equal to 4.” Notice that braces are used to indicate a set.

The third method is interval notation, where solution sets are indicated with parentheses or brackets. The
solutions to > 4 are represented as [4, o). This is perhaps the most useful method as it applies to
concepts studied later in this course and to other higher-level math courses.

The main concept to remember is that parentheses represent solutions greater or less than the number, and
brackets represent solutions that are greater than or equal to or less than or equal to the number. Use
parentheses to represent infinity or negative infinity, since positive and negative infinity are not numbers in
the usual sense of the word and, therefore, cannot be “equaled.” A few examples of an interval, or a set of
numbers in which a solution falls, are [—2, 6), or all numbers between —2 and 6, including —2, but not
including 6; (—1, 0), all real numbers between, but not including —1 and 0; and (—oo, 1], all real numbers
less than and including 1. The table below outlines the possibilities.

Inequality Words Interval Notation
a<z<b all real numbers between a and b, not including a and b (a,b)

z>a All real numbers greater than a, but not including a (a, )

z<b All real numbers less than b, but not including b (—o00,b)

x>a All real numbers greater than a, including a [a, 00)

z<b All real numbers less than b, including b (—o0, b]
a<zx<b All real numbers between a and b, including a [a, b)

a<zx<b All real numbers between a and b, including b (a,b]

a<lz<b All real numbers between a and b, including a and b [a, b]
x<aorz>b All real numbers less than a or greater than b (—00,a) U (b, 00)
All real numbers  All real numbers (—00, 00)

Example: Using Interval Notation to Express an inequality

Use interval notation to indicate all real numbers greater than or equal to —2.
Answer

Use a bracket on the left of —2 and parentheses after infinity: [—2, co). The bracket indicates that —2 is
included in the set with all real numbers greater than —2 to infinity.

EXAMPLE: USING INTERVAL NOTATION TO EXPRESS AN INEQUALITY

Describe the inequality > 4 using interval notation

Answer

The solutions to z > 4 are represented as [4, 00).

Note the use of a bracket on the left because 4 is included in the solution set.

TRY IT
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Use interval notation to indicate all real numbers between and including —3 and 5.
Answer
[_3a 5]

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=182

EXAMPLE: USING INTERVAL NOTATION TO EXPRESS A COMPOUND
INEQUALITY

Write the interval expressing all real numbers less than or equal to —1 or greater than or equal to 1.
Answer

We have to write two intervals for this example. The first interval must indicate all real numbers less than
or equal to 1. So, this interval begins at —oo and ends at —1, which is written as (—oo, —1].

The second interval must show all real numbers greater than or equal to 1, which is written as [1, 0o).
However, we want to combine these two sets. We accomplish this by inserting the union symbol, U,
between the two intervals.

(—OO, _1] U [1a OO)

TRY IT

Express all real numbers less than —2 or greater than or equal to 3 in interval notation.
Answer
(—OO, _2) U [3a OO)

TRY IT

We are going to look at a line with endpoints along the x-axis.

1. First we will adjust the left endpoint to (-15,0), and the right endpoint to (5,0)

(=15,0) | (5,0) |

Vo ! L Il L L L L L —0)
2= L I L L L L L —\

=10 U 10

2. Write an inequality that represents the line you created.

3. If we were to slide the left endpoint to (2,0), what do you think will happen to the line?

4. Now what if we were to slide the right endpoint to (11,0), what do you think will happen to the line?
Sketch on a piece of paper what you think this new inequality graph will look like.

Answer

With endpoints (-15,0) and (5,0), the values for x on the line are between -15 and 5, so we can write
—15 < x < 5. We made it a strict inequality because the dots on the endpoints of the lines are open.

Moving the left endpoint towards the right endpoint shortens the line. Then moving the right endpoint away
from the left endpoint lengthens the line again.
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‘ ' (11,0)

O

|

20

THINK ABOUT IT

In the previous examples you were given an inequality or a description of one with words and asked to
draw the corresponding graph and write the interval. In this example you are given an interval and asked
to write the inequality and draw the graph.

Given (—o0, 10), write the associated inequality and draw the graph.

In the box below, write down whether you think it will be easier to draw the graph first or write the
inequality first.

Answer

We will draw the graph first.

The interval reads “all real numbers less than 10,” so we will start by placing an open dot on 10 and
drawing a line to the left with an arrow indicating the solution continues to negative infinity.

<] e

5 10

To write the inequality, we will use < since the parentheses indicate that 10 is not included. z < 10

In the following video, you will see examples of how to write inequalities in the three ways presented here:
as an inequality, in interval notation, and with a graph.

Examples: Linear|Inequoalities in One Variable

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=182

Using the Properties of Inequalities

RECALL SOLVING MULTI-STEP EQUATIONS

When solving inequalities, all the properties of equality and real numbers apply. We are permitted to add,
subtract, multiply, or divide the same quantity to both sides of the inequality.
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Likewise, we may apply the distributive, commutative, and associative properties as desired to help isolate
the variable.

We may also distribute the LCD on both sides of an inequality to eliminate denominators.

The only difference is that if we multiply or divide both sides by a negative quantity, we must reverse the
direction of the inequality symbol.

When we work with inequalities, we can usually treat them similarly to but not exactly as we treat equations.
We can use the addition property and the multiplication property to help us solve them. The one
exception is when we multiply or divide by a negative number, we must reverse the inequality symbol.

A GENERAL NOTE: PROPERTIES OF INEQUALITIES

Addition Property Ifa < b, thena+c<b+ec.

Multiplication Property If a < b and ¢ > 0, then ac < be.

Ifa < bandc < 0, then ac > bc.

These properties also applytoa < b, a > b, and a > b.

EXAMPLE: DEMONSTRATING THE ADDITION PROPERTY

lllustrate the addition property for inequalities by solving each of the following:

1.z—-15<4
226>z —1
.z+7>9

Answer

The addition property for inequalities states that if an inequality exists, adding or subtracting the same
number on both sides does not change the inequality.

1.

rx—15<4

x—15+15<44 15 Add 15 to both sides.
Tz <19

2.

6>x—1

6+1>xz—1+1 Add]1 toboth sides.
7T>x

3.

z+7>9

x+T7—7>9—7 Subtract 7 from both sides.
T >2

Watch the following two videos for a demonstration of using the addition and multiplication properties to
solve inequalities.
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TRY IT

Solve 3z — 2 < 1.
Answer
r<l1

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=182

EXAMPLE: DEMONSTRATING THE MULTIPLICATION PROPERTY

lllustrate the multiplication property for inequalities by solving each of the following:

1.3x <6
2. 2x—-1>5
3.5—z>10

Answer
1.

3x <6
3(3z) < (6) §

<2
2.
—2r—1>5
—2x>6
(—1) (~22) > (6) (1) Multiply by — 1.
< -3 Reverse the inequality.
3.
5—x>10
- >95

(—1) (—z) > (5) (1) Multiply by — 1.

T <—5 Reverse the inequality.
TRY IT
Solve 4z + 7 > 2z — 3.
Answer
r> -5
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An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=182

Examples: Linear|Inequalities in One Variable

i (TATTEy THET SR[iTess UsinE e
L[ TR) (3T TR RS i EANTBTVl

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=182

Examples: Linear|Inequalities in One Variable
Solve aed graphleach leaguiality. Theo expeees Lsliag tateeval
T

5= _,-_/-{ iip_=v: SSRGS N

3 *= -\-
-5 > X (=0 -5)

A YouTube element has been excluded from this version of the text. You can view it online here:
https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=182

Solving Inequalities in One Variable Algebraically

As the examples have shown, we can perform the same operations on both sides of an inequality, just as we
do with equations; we combine like terms and perform operations. To solve, we isolate the variable.
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EXAMPLE: SOLVING AN INEQUALITY ALGEBRAICALLY

Solve the inequality: 13 — 7z > 10z — 4.
Answer

Solving this inequality is similar to solving an equation up until the last step.
13— 7z >10x — 4

13— 172 > —4 Move variable terms to one side of the inequality.
—17x > —17 Isolate the variable term.
z<1 Dividing both sides by — 17 reverses the inequality.

The solution set is given by the interval (—oo, 1], or all real numbers less than and including 1.

TRY IT

Solve the inequality and write the answer using interval notation: —a 4+ 4 < %m + 1L
Answer

(2, 00)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=182

EXAMPLE: SOLVING AN INEQUALITY WITH FRACTIONS

Solve the following inequality and write the answer in interval notation: —3z > —2 + 25,
Answer
We begin solving in the same way we do when solving an equation.
3 _5 42
-5 > s T 37
— %x — %:13 > —% Put variable terms on one side.
— 19—293 — 11:17 > —% Write fractions with common denominator.
17 5
2T 2"y
x < —% (— %) Multiplying by a negative number reverses the inequality.
1

The solution set is the interval (—oco, 35 |.

TRY IT

Solve the inequality and write the answer in interval notation: —2z < 3 + 3.
Answer
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[~ 11:00)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=182
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COMPOUND AND ABSOLUTE VALUE
INEQUALITIES

LEARNING OUTCOMES

» Solve compound inequalities.
» Solve absolute value inequalities.

A compound inequality includes two inequalities in one statement. A statement such as 4 < = < 6 means
4 < x and z < 6. There are two ways to solve compound inequalities: separating them into two separate
inequalities or leaving the compound inequality intact and performing operations on all three parts at the
same time. We will illustrate both methods.

Solving Absolute Value Inequalities

As we know, the absolute value of a quantity is a positive number or zero. From the origin, a point located at
(—z,0) has an absolute value of z as it is x units away. Consider absolute value as the distance from one
point to another point. Regardless of direction, positive or negative, the distance between the two points is
represented as a positive number or zero.

An absolute value inequality is an equation of the form
|A| < B,|A| < B,|A| > B,or |A| > B,

where A, and sometimes B, represents an algebraic expression dependent on a variable x. Solving the
inequality means finding the set of all x —values that satisfy the problem. Usually this set will be an interval
or the union of two intervals and will include a range of values.

There are two basic approaches to solving absolute value inequalities: graphical and algebraic. The
advantage of the graphical approach is we can read the solution by interpreting the graphs of two equations.
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EXAMPLE: SOLVING A COMPOUND INEQUALITY

Solve the compound inequality: 3 < 2x + 2 < 6.
Answer

The first method is to write two separate inequalities: 3 < 2z + 2 and 2z + 2 < 6. We solve them
independently.

3<2z+2 and 2x+2<6
1< 2z 2z < 4

%Sx <2

Then, we can rewrite the solution as a compound inequality, the same way the problem began.
F<z<2
In interval notation, the solution is written as |3, 2).

The second method is to leave the compound inequality intact and perform solving procedures on the
three parts at the same time.

3<2x4+2<6
1<2zx <4 Isolate the variable term and subtract 2 from all three parts.
% <zr<2 Divide through all three parts by 2.

We get the same solution: |1, 2).

TRY IT

Solve the compound inequality 4 < 2z — 8 < 10.
Answer
6<z<9 or(6,9]

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=183

The advantage of the algebraic approach is that solutions are exact, as precise solutions are sometimes
difficult to read from a graph.

Suppose we want to know all possible returns on an investment if we could earn some amount of money
within $200 of $600. We can solve algebraically for the set of x-values such that the distance between x and
600 is less than 200. We represent the distance between x and 600 as |« — 600|, and therefore,

|z — 600| < 200 or

—200 < z — 600 < 200
—200 + 600 < z — 600 + 600 < 200 + 600
400 < £ < 800
This means our returns would be between $400 and $800.

To solve absolute value inequalities, just as with absolute value equations, we write two inequalities and
then solve them independently.
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EXAMPLE: SOLVING A COMPOUND INEQUALITY WITH THE VARIABLE IN
ALL THREE PARTS

Solve the compound inequality with variables in all three parts: 3 + > 7Tz — 2 > bz — 10.
Answer
Let’s try the first method. Write two inequalities:

3+z>7r—2 and 7z —2> 5z —10

3> 6x — 2 2¢ —2 > —-10
5> 6z 2z > —8
%>m x> —4
ac<% -4 <z

The solution setis —4 < & < 2 or in interval notation (—4, £). Notice that when we write the solution in

interval notation, the smaller number comes first. We read intervals from left to right as they appear on a
number line.

—

—4

|

TRY IT

Solve the compound inequality: 3y < 4 — by < 5 + 3y.
Answer

(=%:2)

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=183

A GENERAL NOTE: ABSOLUTE VALUE INEQUALITIES

For an algebraic expression X and k > 0, an absolute value inequality is an inequality of the form:
| X| < k which is equivalent to — k < X < kor |X| > k which is equivalent to X < —kor X > k

These statements also apply to | X| < k and | X| > k.
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EXAMPLE: DETERMINING A NUMBER WITHIN A PRESCRIBED DISTANCE

Describe all values z within a distance of 4 from the number 5.
Answer

We want the distance between x and 5 to be less than or equal to 4. We can draw a number line to
represent the condition to be satisfied.

The distance from z to 5 can be represented using an absolute value symbol, |z — 5|. Write the values of
z that satisfy the condition as an absolute value inequality.
|z — 5| <4
We need to write two inequalities as there are always two solutions to an absolute value equation.
zr—5<4 and z—-5>—4

<9 z>1

If the solution setis x < 9 and = > 1, then the solution set is an interval including all real numbers
between and including 1 and 9.

So |z — 5] < 4 is equivalent to [1, 9] in interval notation.

TRY IT
Describe all x-values within a distance of 3 from the number 2.
Answer
|z —2| <3

EXAMPLE: SOLVING AN ABSOLUTE VALUE INEQUALITY

Solve |z — 1| < 3.
Answer

|z —1] <3
—3<zx—-1<3
—2<x<4

[_2’ 4]
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EXAMPLE: USING A GRAPHICAL APPROACH TO SOLVE ABSOLUTE VALUE
INEQUALITIES

Given the equation y = —%|4sc — 5| + 3, determine the x-values for which the y-values are negative.
Answer

We are trying to determine where y < 0 which is when —%]4x — 5| + 3 < 0. We begin by isolating the
absolute value.

— % |4z — 5| < —3 Multiply both sides by -2, and reverse the inequality.
|4z — 5| > 6

Next, we solve |4z — 5| = 6.
4r —5=06 4r — 5= —6

4x =11 or 4z = -1

11

.’E:T r = —

Now, we can examine the graph to observe where the y-values are negative. We observe where the
branches are below the x-axis. Notice that it is not important exactly what the graph looks like, as long as
we know that it crosses the horizontal axis at ¢ = —% and z = % and that the graph opens downward.

y
d

X
4 5
Below x axis

Solve —2|k — 4] < —6.
Answer
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k < 1ork > T7;in interval notation, this would be (—oo, 1] U [7, 00).
y

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=183

An interactive or media element has been excluded from this version of the text. You can view it online
here: https://courses.lumenlearning.com/waymakercollegealgebracorequisite/?p=183

TRY IT

Sometimes a picture is worth a thousand words. You can turn a single variable inequality into a two
variable inequality and make a graph. The x-intercepts of the graph will correspond with the solution to the
inequality you can find by hand.

Let’s use the last example to try it. We will change the variable to x to make it easier to enter in an online
graphing calculator.

To turn —2|z — 4| < —6 into a two variable equation, move everything to one side, and place the variable

y on the other side like this:

—2|z — 4| < -6

—2)lz—4/+6<y

Now enter this inequality in an online graphing calculator and hover over the x-intercepts.

If you need instruction on how to enter inequalities in an online graphing calculator, watch this tutorial for
the process within Desmos. Other calculators will behave slightly differently.

Are the x-values of the intercepts the same values as the solution we found above?
Now you try turning this single variable inequality into a two variable inequality:

5|9 — 2z| > 10

Graph your inequality with an online graphing calculator, and write the solution interval.
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SUMMARY: COMPOUND AND ABSOLUTE
VALUE INEQUALITIES

Key Concepts

« Interval notation is a method to give the solution set of an inequality. Highly applicable in calculus, it is a
system of parentheses and brackets that indicate what numbers are included in a set and whether the
endpoints are included as well.

» Solving inequalities is similar to solving equations. The same algebraic rules apply, except for one:
multiplying or dividing by a negative number reverses the inequality.

« Compound inequalities often have three parts and can be rewritten as two independent inequalities.
Solutions are given by boundary values which are indicated as a beginning boundary or an ending
boundary in the solutions to the two inequalities.

« Absolute value inequalities will produce two solution sets due to the nature of absolute value. We solve
by writing two equations: one equal to a positive value and one equal to a negative value.

« Absolute value inequality solutions can be verified by graphing. We can check the algebraic solutions by
graphing as we cannot depend on a visual for a precise solution.
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Glossary

compou